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Abstract

Linearity, Locality, and Lower Bounds:

A Unified Perspective Through Randomness

Vinayak Mahesh Kumar, PhD
The University of Texas at Austin, 2026

SUPERVISOR: David Zuckerman

Randomness plays two seemingly opposed roles in computation. On the one
hand, it can be harnessed as a resource, allowing simple algorithms and data struc-
tures to accomplish tasks that would be impossible deterministically. On the other
hand, it can be deployed as an analytic tool, exposing the limits of efficient computa-
tion. This dissertation develops both perspectives through three structural themes:

linearity, locality, and lower bounds.

Linearity. We first study random linear maps as practical hash functions, asking
how closely these highly structured maps reproduce the load balancing of a fully
random function. We show that when a random linear map hashes m balls into n
bins, the expected order statistics of the bin loads are governed by the thresholds
predicted by n independent Poisson random variables of mean m/n. This yields two

corollaries:

e When n balls are hashed into n bins, we prove that the expected maximum
load of a random binary linear map is at most that of a fully random map plus
3/2+ o(1). This settles a longstanding question raised by Alon, Dietzfelbinger,
Miltersen, Petrank, and Tardos [ADM799] in an extremely strong form.
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e When m > nlogn balls are hashed into n bins, we show that all bins have
close to m/n balls in a quantitatively tight sense. This establishes an £,-norm

analog of the influential Leftover Hash Lemma.

We then turn to random Toeplitz matrices, which form an especially econom-
ical linear hash family that requires essentially the minimum randomness needed for
universality and is actively deployed in practice. We prove an O((nlogn)'/3) bound
on their expected maximum load, giving the first improvement over the generic O(y/n)

bound for universal hashing.

Locality. We next investigate error-correcting codes whose message bits can be
recovered by randomized algorithms that inspect only a few bits of the received,
potentially corrupted, codeword. In particular, we study basic questions about locally

decodable codes (LDCs) and their relaxed counterparts (RLDCs).

RLDCs were defined in 2006 [BSGH™06] mainly because of the halted state
of affairs regarding optimal constructions of LDCs. The hope was that codes with
this relaxed notion would be easier to construct while still having applicability similar
to that of LDCs. In this thesis, we finally realize this hope. We construct the first
asymptotically good binary linear relaxed locally decodable codes with O(log® n)

queries, which is optimal up to polynomial factors.

We then study the boundary at which relaxed local decoding and correction
become genuinely more powerful than their classical counterparts. Under the standard
soundness parameters, every linear 3-query relaxed locally decodable or correctable
code is already an ordinary 3-query locally decodable or correctable code. In contrast,
we construct a 15-query relaxed locally decodable code and a 41-query relaxed locally
correctable code that are not locally decodable with any constant number of queries.
More generally, we show that strong soundness (the condition that the soundness of
the decoder is proportional to the number of corruptions in the received word) forces

a linear relaxed local code to be an ordinary local code.
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Lower Bounds. Finally, we use randomness to reveal limitations of computation.
Our first contribution concerns Impagliazzo’s celebrated hardcore lemma [Imp95],
a key result used in amplifying correlation bounds against circuits. It states that
if a function is mildly hard for size-s circuits, there is a constant-density subset of
inputs on which the same function is extremely hard for circuits of size & < s. A
natural question is whether the size degradation from s to s’ is necessary or whether a
lossless version of the hardcore lemma can be proven. We show this size degradation
is unfortunately necessary for almost all parameter regimes. Our proof is surprisingly
simple and relies on locally efficient constructions of a basic randomness primitive:

4-wise independent generators.

We also develop a general method for amplifying average-case hardness us-
ing randomness extractors. This method allows us to make progress on the question
of proving correlation bounds against structured AC°[®] circuits and low-degree [Fy-
polynomials. In particular, by composing hard functions with suitable extractors, we
give nearly optimal correlation bounds for quasipolynomial-size constant-depth cir-
cuits with many symmetric or threshold gates, exponentially improved pseudorandom
generators for width-2 branching programs reading many bits at a time, and strong

correlation bounds for set-multilinear polynomials.
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Chapter 1: Introduction

Randomness can be used to accomplish fundamental tasks in computing that
are 1mpossible to achieve deterministically. As an example, say we are given query
access to a function f : {0,1}" — {0,1} and want to approximate the mean of f
up to a £0.01 margin. Deterministically, one would need to query at least 0.98 - 2"
inputs, since 0.02 - 2" outputs are enough to sway the average by more than twice the
allotted margin. However, a simple Chernoff bound shows that by randomly sampling
a constant number of points and taking their empirical mean, we can get an accurate
estimate of the global mean with probability 0.99. Theoretical computer science is
riddled with such seemingly impossible questions that are suddenly rendered tractable

with the clever use of randomness.

This thesis focuses on two primitives where randomness is crucial: local codes
and hash functions. Among their many other applications, locally decodable codes
allow us to store and retrieve data extremely efficiently, even if the medium of storage
becomes corrupted over time. Hashing allows us to compress large data, allowing
for much more efficient searching and manipulation of data. Such objects, or their
variants, are ubiquitous in computing. Due to their widespread use, it is all the
more important we have provable guarantees for these tools—especially if used in

mission-critical tasks.

Randomness can also be used to show limitations of computing. Perhaps the
most important question in complexity theory is whether there exist explicit problems
that require superpolynomial-size circuits to solve. While this question is extremely
difficult, randomness already gives some insight into it. The classical argument of
Shannon [Sha49] shows that a random function requires exponential circuit size to
compute. While this argument does not solve the problem, as a random function
is not necessarily explicit (here, explicit means being in NP), it planted the seed

to use randomness in circuit lower bound techniques. A lot of our lower bounds
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are established by using a randomness tool to easily capture or simplify small-size
circuits and then picking a hard function that is “immune” to that tool. This intuition
captures the classical techniques of random restrictions and probabilistic polynomials.
In this thesis, we establish results regarding average-case circuit lower bounds and
hardness amplification, where randomness primitives are crucially used to construct

small-size circuits and hard functions.

These uses of randomness may appear to pull in opposite directions: one
harnesses randomness to make computation efficient, while the other uses it to expose
the limits of efficient computation. Yet both are guided by a common probabilistic
viewpoint, and techniques developed in one setting often inform the other. Our
thesis studies these roles together and provides a unified view of randomness as both
a computational resource and a proof technique for computational lower bounds. We

next describe the contributions of this thesis to linearity, locality, and lower bounds.

1.1 Linearity

Consider tossing n balls uniformly and independently at random into n bins.
What is the expected number of balls in the heaviest bin (i.e., the expected max

load)? A fundamental result shows it is (1 + 0(1))log’lgogn (see, e.g., [MUO5]). This

phenomenon is extremely useful in storage and retrieval.

To illustrate this, let U > n be integers, and consider an arbitrary subset S C
[U] of size n. If we wanted to check whether k arbitrary integers were in S, it seems
the best we can do is check and compare each element of S to each of the k integers,
taking O(kn) time. Indeed, this is the best possible protocol deterministically. Now
let h : [U] — [n] be a uniformly random function. The fundamental result in the
last paragraph implies that for all subsets S C [U] of size n, the maximum number
of elements in S that A maps to the same element is O(logn/loglogn) on average.
Consider doing an O(n) preprocessing step of using h to group the elements of S into

n buckets. Then, to check if an integer m is in S, we check the h(m)-th bucket. Hence,

17



checking membership of k integers will only take O(n + klogn/loglogn) expected

time.

Unfortunately, picking a fully random function is a computationally heavy
task. Indeed, most functions have maximal circuit complexity. To use this in prac-
tice, we need an efficient and easily implementable class of random functions with
O(logn/loglogn) expected max load. This leads to a natural question: what is the

simplest hash function with optimal expected max load?

Our thesis investigates the effectiveness of random linear maps as hash func-
tions. These maps are basic objects, and it is fundamental to ask how well a linear
map resembles a fully random one. Computationally, linear maps are very simple to
compute using basic XOR operations. The structure of linearity is also a desirable
property and is useful in incremental cryptography [BGG94]. An even simpler family
of linear hash functions consists of random Toeplitz matrices. Such matrices are very
easy to implement using a linear number of bitwise shifts and XORs, have been used
as examples of hash functions achieving optimal time-space tradeoffs [MNT93|, and

are used in practice as extractors [SEFIT11].

1.1.1 Owur Contributions

We prove new expected max load upper bounds for random matrices and for

random Toeplitz matrices.

Random binary matrices were proposed as a hash function for the first time in
Carter and Wegman’s 1977 paper on universal hash functions [CW79]. More formally,
assume U = 2% and n = 2° for u,¢ € Z. We consider the vector spaces F% and F%,
which have the same cardinality as [U] and [n], respectively, but additional linear
structure. Our hash function is now a uniformly random Fy-linear map h : F4 — F&.
For an arbitrary subset of n vectors S C Fy, is it true that the maximum number of
elements in S that h maps to the same element is O(logn/loglogn) on average? This

question was explicitly posed in 1997 by Alon, Dietzfelbinger, Miltersen, Petrank, and
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Tardos [ADM™99].

In [Chapter 3| we resolve this question in an extremely strong sense. We show
that the expected max load of a random Fy-matrix is at most that of a fully random
map plus % + o(1). Hence, up to a very small constant, linear hashing performs just

as well as fully random hashing.

This ends up being a simple corollary of a more general phenomenon we show:
when hashing m balls into n bins using a random linear map, the expected load of the
r-th heaviest bin is bounded by the typical value of the r-th largest value among n
independent Poisson random variables with mean m/n. As another corollary of this
general phenomenon, we show that when m > n, every bin has close to m/n balls in
a quantitatively tight sense. This establishes an /., version of the celebrated Leftover
Hash Lemma [ILL89]. This chapter consists of joint work with Michael Jaber and
David Zuckerman [JKZ25] and upcoming work of the author. Portions of this chapter

overlap with independent and concurrent work of Bshouty [Bsh26].

Turning to random Toeplitz matrices, we note that, surprisingly, nothing was
known about the expected max load of these maps beyond the O(y/n) upper bound
enjoyed by any 2-universal hash function. The problem of analyzing the max load
properties of this hash function was also explicitly posed by Alon, Dietzfelbinger,
Miltersen, Petrank, and Tardos [ADMT99].

In [Chapter 4] we show that the expected max load when hashing n balls
into n bins using a random Toeplitz matrix is O({/nlogn), representing the first
improvement on this quantity over the folklore bound of O(y/n). This chapter is

based on upcoming work of the author.

1.2 Locality

A binary error-correcting code (or simply a code) is a mapping C : {0, 1}* —

{0,1}", which is to be thought of as a mapping from messages to codewords. We will

19



also identify C' with the subset of {0, 1}" corresponding to C’s image if the particular
mapping is not important. For efficiency reasons, we want to maximize the rate, k/n,
which represents how many bits of message information are conveyed per codeword
bit. For two strings z,y € {0,1}", denote the (relative) distance between x and y
to be dist(z,y) = +A(z,y). The distance of a code is § = §(C) := min{dist(z, y) :
x # y € C}. The amount of corruption a codeword can handle while remaining

unambiguous scales with the distance, so we would like to maximize this quantity.

By the Singleton bound [Sin64], any code with ©(1) distance must have O(1)
rate. We call codes achieving constant distance and constant rate asymptotically good
(good for short). Explicitly constructing good codes thereby emerges as a natural

question. However, this was solved in 1972 by Justesen [Jus72].

There is a third desirable property of codes: locality. Say we receive a word
that is a mildly corrupted codeword, and wish to recover a particular bit of the mes-
sage or codeword. We would like to recover the correct message/codeword bit by
probing only a few other bits of the received word. Codes in which message bits
can be recovered as such are called locally decodable codes (LDCs), and codes in
which codeword bits can be recovered as such are locally correctable codes (LCCs).
In addition to being essential in data recovery, LDCs and LCCs have found uses as
a mathematical ingredient in other results in algorithms and complexity theory, like
sublinear algorithms [RS96, BLRO3], probabilistic proofs |[ALMT98, [AS98], pseudo-
randomness [STV99, DMOZ22|, and more.

To be more formal, a code C : {0,1}* — {0, 1}" is called a (binary) LDC with
query complexity ¢ (or ¢-LDC for short) and radius 0 if there exists a randomized
algorithm A such that for every m € {0,1}*, i € [k], and w with dist(w,C(m)) <
d, A(w,i) queries at most ¢ indices of w and outputs m; with probability > 2/3.
Furthermore, if w € C, A; certainly outputs ¢;. We analogously define g-query locally
correctable codes (¢-LCCs) with radius ¢ to be codes which admit an algorithm A,
when on inputs i € [n], and w with dist(w, C') < §, outputs ¢; with probability > 2/3.

20



Randomization of A; is crucial here. If 6 > q/n, A; must be random, since replacing
the bits in the ¢ fixed indices queried by A; with those of a different codeword will
cause A; to fail. We say an LDC/LCC is good if it has ©(1) rate and radius.

What is the smallest query complezity of a good LDC? This fundamental ques-
tion remains extremely challenging: after decades of work, there is a superpolynomial
gap between the best lower bound of Q(logn) [KT00, Woo07] and best upper bound
of 20Wlegn) [KMRS17].

Due to this, in 2006, researchers introduced a relaxed notion of locality. A
relazed locally decodable code (RLDC) has the same definition as an LDC, but now,
if w ¢ C, A; either outputs ¢; or an error (L) with probability > 2/3 [BSGH™06,
GRR20]. In particular, it need not recover the bit if it detects corruption. We can
define relazed locally correctable codes (RLCCs) to be the analogous relaxation of
LCCs. This simplified definition still has applications in probabilistically checkable

proofs, making it a compelling object.

Once this relaxed notion of LDCs is defined, two natural questions emerge.
What is the smallest query complezity of a good RLDC/RLCC? Are RLDCs/RLCC's
truly different from LDCs/LCCs, or is there a reduction between the two objects? In

this thesis, we will investigate both of these questions.

1.2.1 Owur Contributions

As we just observed, there is a large gap between query complexity upper and
lower bounds for good LDCs. Could the relaxedness of good RLDCs allow us to give
constructions more closely matching known lower bounds? This basic question had
remained open since the invention of this code. In we provide the first
construction of RLDCs whose query complexity matches known lower bounds up to
polynomial factors. Our construction is a surprisingly simple reduction to locally
testable codes and relies on a new code-combining operation which we call nesting.

The work in this chapter is joint with Geoffrey Mon [KM24d].
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After RLDCs are defined, it is natural to ask: can RLDCs achieve strictly
better parameters than LDCs? One concrete instantiation of such a question is: Does
there exist q such that there exists a qg-RLDC whose rate is larger than that of any
q-LCC? If so, what is the smallest such q?

It was shown that RLDCs with query complexity 2 are essentially 2-LCCs
[BCG™22]. However, we know that once ¢ > 107, there is a construction of a g¢-
RLDC whose rate is exponentially larger than that of any possible ¢-LCC [AS21].
This means there exists some 2 < ¢ < 107 such that any ¢-RLDC is essentially
a ¢-LDC, but there exists a (¢ + 1)-RLDC whose rate is greater than that of any
(¢g+1)-LDC. In[Chapter 7 we show that 3-RLDCs are as strong as 3-LDCs, and that
there exists a 15-RLDC that is not a ¢-LDC for any constant ¢g. This narrows the
range to 3 < ¢ < 15. We give a similar result for RLCCs and LCCs, thereby giving
exponentially stronger rate lower bounds for 3-RLCCs due to the LCC lower bounds
of Kothari and Manohar [KM24a]. We actually uncover a more general phenomenon.
Informally, we say that an RLDC or LDC has strong soundness if the probability of
the decoder detecting an error is proportional to the received word’s distance to the
code. We show that if a ¢-RLCC has the strong soundness property, it is essentially
a ¢-LCC. These results extend to the weaker notion of (relaxed) locally decodable
codes. The work in this chapter is joint with Elena Grigorescu, Peter Manohar, and

Geoffrey Mon [GKMM26].

1.3 Lower Bounds

Finding an explicit function f requiring superpolynomial-size circuits to com-
pute is one of the biggest open problems in complexity theory. Unfortunately, the
best circuit lower bound we know against an explicit function is a mere 3.1n — o(1)
[LY22]. Due to this stark state of affairs, researchers have attempted to first prove
strong lower bounds against circuits of constant depth, denoted as AC?. In this set-

ting, complexity theorists have had major success: we can show that even slightly
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correlating with the parity function requires exponential size [FSS84] [Has86l [Yao85].

In light of this, the natural next step is to add parity as a gate and ask whether
we can derive strong lower bounds against these circuits (denoted AC°[@]). Due to
the celebrated technique of Razborov and Smolensky [Raz87, [Smo87], we can prove
that computing the majority of n bits evactly requires exponential-size AC°[®] cir-
cuits. However, we may not be satisfied with this in practice and request correlation
bounds. After all, if there exists a circuit that agrees with a hard function on all but
one point, the difference may be impossible to detect in practice. Furthermore, es-
tablishing average-case hardness against AC°[@®] can allow us to create PRGs against
this circuit class via the “hardness to randomness” framework introduced by Nisan
and Wigderson [NWO94], as well as show hardness results against related function
classes, like the majority of multiple AC°[®] circuits. Unfortunately, we have much
weaker size lower bounds on circuits that simply correlate with an explicit function.
The best correlation bounds we have are that the majority has O(1/y/n) correlation
with any ACY[®] circuit.

To identify the bottleneck towards proving such correlation bounds, let us
briefly review the argument of Razborov and Smolensky. The idea is to first show that
AC’[@] can be computed by low-degree polynomials. This appears to be impossible,
as even one AND-gate of fan-in n requires degree n to compute. However, with
a crafty use of randomness, they prove that shallow AC[®] can be computed by a
distribution of low-degree polynomials over Fo with high probability. They then prove
that majority does not correlate with any low-degree Fo-polynomials. These claims
together imply correlation bounds. The latter claim is the limiting step: we can
only establish O(1/4/n) correlation bounds against low-degree polynomials, giving us
similar correlation bounds against ACY[@]. It turns out this question about low-degree
polynomials is also a stepping stone towards other important questions in complexity

theory, like communication complexity and matrix rigidity (see, e.g., [Vio09]).

There are two natural directions to proceed. One is to take a hard function
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achieving our best known correlation bounds, and then apply some gadget to create
a harder function with stronger correlation bounds. Another is a “bottom-up” ap-
proach: start with restricted subclasses of low-degree polynomials or AC°[®], prove
strong correlation bounds against them, and then gradually remove these restrictions.

We attack this problem in both directions.

1.3.1 Owur Contributions

With respect to hardness amplification, a classical approach is to establish
XOR lemmas. Say we have a function f :{0,1}" — {0, 1} that no size-s circuit can
compute on more than a .99-fraction of inputs. The intuition is that computing the

XOR of k independent instances of f,

Sy, ) = fla) @ f(x2) @ - @ f ()

should be much harder: size-s circuits should not be able to compute it on more than
a 3 + exp(—Q(k)) proportion of inputs. Yao’s celebrated XOR lemma proves such a
statement against circuits, with a catch: f®* will be hard for circuits of size s’ = ox(s).
This size degradation prevents us from applying this lemma. The bottleneck in the
most well-known proof of this lemma is in the application of another hallmark result:
Impagliazzo’s hardcore lemma. This lemma states that if a function f cannot be
computed on more than a .99-fraction of inputs by size-s circuits, there exists a
constant-density subset S of inputs (i.e., the “hardcore”) for which size-sy? circuits
cannot compute f on more than a %—ky portion of S. Seeing whether the degradation
from s to sy? is necessary is thus the natural question to ask when investigating XOR
lemmas. It is also of independent interest: it is a basic question about the hardcore
lemma, and was explicitly asked by Trevisan [Tre(09]. There were some conditional
lower bounds showing the degradation was necessary [LTW11], but Blanc, Hayderi,
Koch, and Tan gave the first unconditional proof of the tightness of the 42 dependence
for a select range of parameters (s,). This remarkable result followed from a “fairly

involved” technical argument consisting of Fourier analysis, coupling arguments, and
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subgaussian concentration. Unfortunately, the range of parameters they handle is
quite narrow: for example, their proof breaks down when v = o(1/4/n), which is

precisely the correlation bound regime of interest to us regarding AC°[@)].

In |Chapter 9, we provide a surprisingly simple proof that Impagliazzo’s hard-
core theorem is tight in all but a vanishingly small window of parameters. In particu-
lar, the result extends even to v exponentially small. Our proof is a result of viewing
the problem through the lens of randomness. The crux of the argument uses a basic
primitive in pseudorandomness to construct small-size circuit approximators: 4-wise

independent generators. This chapter is based on work of the author [Kum26].

In [Chapter 10| we proceed with the bottom-up approach to proving corre-
lation bounds against low-degree polynomials and ACO[EB]. For example, we prove
exponentially small correlation bounds against set-multilinear polynomials, AC°[@]
with a limited number of parity gates, and width-2 general branching programs. The
assortment of results is proven by using extractors to craft hard functions. Informally,
extractors are Boolean functions that, given a structured distribution of entropy £ as
input, output close to k£ nearly uniform bits. Intuitively, the idea is that if our hard
function uses extractors, then randomly altering the input in a way that simplifies
circuits but keeps the extractors unbiased will separate the two. Depending on the
model of computation, one will need to use and combine different extractors and use
tailored algebraic or combinatorial techniques suited to the model. This chapter is

based on work of the author [Kum25].
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Part 1

Linearity
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Chapter 2: Preliminaries

This chapter collects the notation and preliminary facts used throughout the

chapters in Part I.

2.1 General Notation

Throughout Part I, log denotes the natural logarithm, and logarithms to base
2 are written explicitly as log,. For a positive integer n, let [n] := {1,...,n}. For a
real number «, denote its fractional part by {a} = o — |«|. The finite field of two
elements is denoted by F,. For a finite set S, the notation s ~ S means that s is

sampled uniformly at random from S. We will use the inequality 1+ < e” for all x.

For a list of vectors vy, ..., v, write v<; = (vq,...,v;) and V; = span(v<;),
with Vg == {0}.
2.2 Loads

For a function f: A — B, aset S C A, and y € B, define the load of bin y by

Ly(S, )= [f"'(y)nS|.
Let
Liy(S, f) < < Lygp(S, f)

be these loads sorted in nondecreasing order, so L (.S, f) is the load of the rth lightest

bin. We write

M(S, f) = Lgsp(S. f) = max| 7 (y) N S|

for the max load.
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2.3 Poisson Random Variables

We denote by Pois() a Poisson random variable with mean pu. We use

D(v,p) = vlog(v/p) —v +p

for the Kullback-Leibler divergence between Pois(rv) and Pois(u). We will use the

following basic estimate.

Proposition 2.1. For p >0 andt > s > 0,
t
Dit.p) = Dis.) = [ log(a/u)do > (¢~ )log(s/1)
Proof. Using the integral of log z, we see

D(t, ) = D(s, ) = tlog(t/p) —t —slog(s/p) +s =/ log(x/p) dx > (t —s)log(s/p).

]

2.4 Polynomials over [,
We will work over the polynomial ring Fs[z]. For p,q € Fs[z], denote the
degree of p by degp. We use the convention deg) = —1 and recall that

deg(p + ¢) < max(degp,degq).

We denote by Fy[x]_q and Fy[z].4 the sets of Fo-polynomials of degree d and degree

less than d, respectively. We also write

for the truncated polynomial ring of degree less than m.

Definition 2.2. For polynomials p,q € Fy[z] with degp = d and degq = e, we can
uniquely write p = aq + b, where dega = max(d — e, —1) and degb < e. We denote
a:=pdivgand b :=p (mod q).
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We say ¢ | p if and only if p (mod ¢) = 0. A polynomial p € Fy[x] is prime if,
for all ¢,r € Fy[x], the relation p | gr implies p | g or p | r.

We will require the following classic fact from finite-field theory.

Proposition 2.3 (Prime Number Theorem for Polynomials [LN96, Theorem 3.25]).

The number of prime polynomials of degree d in Fy[x] is (1 £+ 0(1))%.

The proof of this fact is much simpler than the standard prime number theorem

over Z, which Knudsen used in his proof [Knul9|.

2.5 Ultrametrics

An ultrametric is a metric that satisfies a stronger version of the triangle

inequality.

Definition 2.4. An ultrametric over a set X is a function d : X x X — Ry such

that, for all z,y, 2 € X,

1. d(z,y) = 0 if and only if x = y;
2. d(z,y) = d(y,x); and

3. d(z, z) < max(d(z,y),d(y, z)).

An ordinary metric has the familiar triangle inequality d(z,z) < d(x,y) +
d(y, z) in place of the final condition. A trivial ultrametric on any set X is given by

d(xz,y) =1 when x # y and d(z,y) = 0 otherwise. The ultrametric relevant here is

daeg (P, q) = deg(p +q) + 1
on Fy[z].

Claim 2.5. dgeg is an ultrametric over Fa[z].
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Proof. We prove the three properties in succession.
1. dgeg(p,q) = 0 if and only if deg(p + ¢) = —1, which holds if and only if p = q.

2. daeg(p, q) = deg(p + ¢) + 1 = deg(q + p) + 1 = daeg(q, p)-
3.
daeg(p,7) = deg(p + 1) + 1
=deg((p+q) +(g+r)) +1
< max(deg(p + ¢), deg(q + 1)) + 1

= max(daeg (P, q); dacg(q;7))-

For x € X and r € R, define the closed ball
B(z,r) ={y e X :d(z,y) <r}.
We have the following simple geometry of balls in an ultrametric space.

Proposition 2.6 (Ultrametric Balls [Sch85, Proposition 18.5]). Any two balls are

either disjoint or one is contained in the other. In particular:
e any two distinct balls of the same radius are disjoint; and
e cvery point in a ball is a center of that ball.
In (Fa[z], dgeg), the closed balls are

B(p,d) = {q € Fa[a] : deg(p + ¢) < d}.

The intervals over Z/pZ considered by Knudsen [Knul9] do not have this simple
structure: they may intersect nontrivially or wrap around, and they do not cleanly

partition the space.

For an arbitrary set S C Fy[z], we will also count pairs of polynomials that

are close.
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Definition 2.7. For S C Fy[z], define

N(S) = {(p,q) € S*: p #q, daeg(p,q) <7}

to be the number of ordered distinct pairs in S within distance r of each other.
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Chapter 3: Random Linear Maps

3.1 Introduction

Consider tossing n balls uniformly and independently into n bins. The max-
imum number of balls in any bin-the max load-is a well studied quantity critical to
randomized algorithm design [MUO05, Chapter 5. A common application arises in
hashing with chaining. In this scenario, keys are mapped to addresses via a random
hash, and each address holds a linked list of all keys mapping to it. Consequently,
retrieving a key might require sweeping through the largest linked list, and so the

worst-case retrieval time would be the max-load.

A classical result says that tossing n balls randomly into n bins will have

expected max-load (1+0(1))—2" implying that a fully random hash will have only

loglogn?’

(1+ 0(1))1Og’ign expected retrieval time. However, placing balls independently and
uniformly requires sampling a truly random function, which has near-maximal time

and space complexity. This raises a central question:
What is the simplest hash family with optimal expected maz-load?

An engineering approach to this question is to use any tools necessary to
design hash functions that minimize the time and space complexity, say in the word-
RAM model. Such an approach will naturally give low complexity hash functions,
but at the cost of a more contrived construction that is hard to implement prac-
tically. Nevertheless, this approach has been extremely successful, and arguably
started with Wegman and Carter’s definition of k-wise independent hash functions
[WC8I]. One can easily verify that O(logn/loglogn)-wise independent hash func-
tions have optimal max-load, and only require O(logn/loglogn) evaluation time and
O(log®n/loglogn) description size. Recent works greatly optimized the use of k-

wise independence, culminating in a construction of Meka, Reingold, Rothblum, and
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Rothblum [CRSW13, MRRRI14] only needing O(lognloglogn) bits to describe and
O((loglogn)?) time to evaluate. This gets us within a poly(loglogn) factor of op-
timal in both parameters. However, these functions rely on concatenating hashes
of gradually increasing independence, which will require implementing either prime
fields or polynomial rings, and performing w(1) multiplications over them. Although

possible, it is quite complicated and slow to do in practice.

The approach we adopt in this chapter is to only consider simple and practical
hash functions and analyze their properties as well as possible. To this end, Chung,
Mitzenmacher, and Vadhan [CMV13] showed that basic universal hash functions (e.g.,
linear congruence or multiplication schemes) can achieve optimal max-load if the balls
are assumed to have high enough entropy, but say nothing about a worst-case choice
of balls. In terms of worst-case results, a surprising result of Patrascu and Thorup
[PT12] shows that tabulation hashing has optimal max-load. This scheme is only
3-wise independent, is simple and practical to use, and has O(1) evaluation time.
However, it requires O(n®) bits to describe. Knudsen [Knul9) considers the extremely
simple and efficient hash function of ax +b (mod p) (mod n), and is able to show an
O(n'/?) bound on this function, a polynomial improvement over the O(y/n) bound

for a generic 2-universal hash family.

Linear Hash Functions

In this chapter, we consider an extremely simple hash family proposed in the
first paper on universal hashing [CW79]: random matrices over Fy. In particular,
let ¢ := log,n, and say we arrange our n bins into a vector space F5. Further,
arrange the universe set into a vector space Fy. Our hash family is simply the set
of linear maps h : FY — F%. This family is arguably the easiest to implement over
all constructions mentioned thus far. For uw = O(¢), this family only needs to bitwise
XOR O(logn) words together, and takes O(log®n) bits to describe. This family
requires no multiplication, is not even 3-wise independent, and can be seen as the

simplest version of tabulation hashing, where each lookup table stores only two values.
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Furthermore, linear hash functions can batch compute keys that are clustered
together, which happens often in practice. This notion of efficiency, dubbed incre-
mental cryptography, was first introduced in a pair of papers by Bellare, Goldreich,
and Goldwasser [BGG94) BGG95]. The motivation behind incremental cryptography
is that data to be hashed often consists of slight modifications of each other, whether
it be consecutive frames of video footage or edited versions of files. Ideally, after com-
puting the first hash, future hashes should have computation time proportional to
the amount of modification made to this initial key. This is indeed the case for linear
maps. Let h(x) = >

, ¢; be a linear map whose matrix has columns cy, ..., ¢c,.

If  has Hamming weight w, h(x) is simply a sum of w column vectors. Hence, if
x, 2t ... 2% are keys such that each z¢ differs from z in less than w < u bits, we can
compute all the hashes by computing h(z), h(z + x%) for all i, and then computing
h(z') = h(z) + h(x + x'). This gives a total of u + 100w additions, which is better
than the naive way of computing h(zx), h(z'),. .., h(2'%) directly, which can take up

to 100w additions.

Computational considerations aside, it is a fundamental question to ask how
much a random matrix behaves like a random function. From a technical stand-
point, dealing with the correlations between linearly dependent balls has proven to
be challenging. For example, the mere existence of good linear seeded extractors
is a longstanding open problem in pseudorandomness [Wool4l Question 7.6], and

highlights our lack of understanding of random linear maps.

The Expected Max Load of Linear Maps

Characterizing the max-load of I, the set of linear maps, has remained elu-
sive. As a preliminary bound, the expected max-load of H is O(y/n) since it is univer-
sal [CWT9]. Indeed, some universal hash functions saturate this bound J[ADMT99].
However, Markowsky, Carter, and Wegman [MCWTS8] showed H achieves expected

max-load O(n'/*), significantly outperforming the generic universal bound [ADM¥99)].
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This initiated further study of H’s max-load, with Mehlhorn and Vishkin [MV84] (im-
plicitly) showing a subpolynomial bound of 20(VIogn) " and later with Alon, Dietzfel-
binger, Miltersen, Petrank, and Tardos [ADM™99| giving a bound of O(lognloglogn).
Since then, progress has largely stalled, except for a note by Babka [Bab18], who ob-
served that an improved choice of parameters in the argument of [ADM™99] yields a
bound of O(logn). Unfortunately, the argument in [ADM™99] has an inherent barrier
at O(log n)ﬂ leaving open whether H can match the performance of a fully random
map. Indeed, this natural question of whether the maximum load is ©(log n/ loglogn)

was explicitly posed in [ADMT99].

Two-Sided Bounds

Consider the regime of hashing m = Q(nlogn) balls into n bins. In this setting,
a fully random map will place approximately m/n balls in every bin. Quantitatively,
a Chernoff bound establishes that with high probability, every bin will be within
O ( %) of m/n. Naturally, we can ask if a linear hash function achieves such
concentration. The celebrated Leftover Hash Lemma gives a positive answer in the
(1-metric: the sum of the absolute deviations from each bin’s load to m/n is small.
Hence, this question is equivalent to asking for an /., variant of the Leftover Hash
Lemma. Dhar and Dvir investigated this exact question, and established the first

effective bin load concentration.

Theorem 3.1 ([DD22], Theorem 2.4). Let u > £ > 1 be integers, n = 2¢, ¢ € (0, 1),
and S C FY a set of cardinality m. Let h : FY — F% be a uniformly random linear

map. For m > %nlog‘%m/e) we have

) 0t < (27 fiog (m)] >1-e

n 9

Pr {Vy e T,

L Applying their argument to a purely random function only yields an O(logn) expectation bound
on the max-load.
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While a significant result, it leaves room for quantitative improvement. We
would like such two-sided bounds to be in effect for m as small as O(nlogn). Fur-
thermore, we would want a better tail bound dependence and smaller concentration

window on the bin loads matching the O (\ / %) width achieved by fully random

maps.

3.1.1 Our Results

We show that for sufficiently large n, a random linear map hashing n balls to n
bins will have expected max load at most that of a fully random map plus 1.5+ o(1).
In fact, for infinitely many n, we can show the additive surplus is 0.5 4+ o(1). This
resolves the question posed by Alon, Dietzfelbinger, Miltersen, Petrank, and Tardos

in an extremely strong sense [ADM™99).

Theorem 3.2. Let u > ¢ > 1 be integers, and n = 2°. Let h : F¥ — FS be a
uniformly random linear map, and let f : [n] — [n] be a fully random map. There
exists ¢ € [0,1) such that for every S CFY of cardinality n,

E [max|h_1(y) N S|} <E {mz{u}c ]f_l(y)\] + ! + ¢o + 00(1).
yen

yeFs 2

Furthermore, there is an increasing sequence (¢;) such that c; — 0.

We note that this theorem is tight in a very strong sense: when u > n and
S C FY consists of n linearly independent vectors, hlg is a uniformly random map.
Therefore, this upper bound is within 1/2+ ¢, + o(1) of the best possible. We accom-

pany this expectation with effective tail bounds on the max load.

Theorem 3.3. Let u > £ > 1 be integers, and n = 2°. Let S C FY be of cardinality
n, and let K be the set of all linear maps h : F¥ — FS. Let t be the unique real number
such that (t/e)* =n. For anyr > 1,
2
hf::g{ Eré%)gdh—l(y) NS| >rt| < e
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For example, setting r = 1 4 28108l8n oiyeg ys (1 + (1)) =22 max-load

log logn loglogn
with probability 1 — O( logn

loglogn

and setting r = 4 gives us O( ) max-load with

;)
loglogn/?
probability 1 — O (@) It is natural to ask if linear maps can give optimal max-
load with probability 1 —1/ M matching the extremely high probability guarantee

of a fully random linear map. Unfortunately, we show that this is not true.

Theorem 3.4. Let u > ¢ > 1,n > 1 be integers, n = 2°, and H the set of linear

maps FY — FS. There exists S C FY of size n := 2° such that

th{[M(S, h) > logn] > (logn)~OUcgloen)

Therefore, we cannot hope to do much better than [Iheorem 3.3|

Our proof is arguably more streamlined than [ADMT99|, which first proves a
coupon collector property, and then cleverly converts it to a max-load bound. In con-

trast, we directly analyze the max-load by defining a potential function and tracking
its growth. We elaborate further in [Section 3.1.2|

The versatility of these potential functions allows us to establish optimal ex-
pected max load (up to lower-order terms) in the general setting of hashing m # n
balls into n bins. In fact, using our potential functions, we can get optimal two-sided

bounds in the regime of m > nlogn.

Theorem 3.5. Let u > { > 1 be integers, n == 2% ¢ € (0,1), and S C F¥ a set of

cardinality m. Let h : FY — FS be a uniformly random linear map. For m > nlogn

4 [ml
Pr [vyeﬂ?g, ‘|h_1(y)ﬂ8| _T’ <2/ Og”] >1—e.
h n 9 n

It is possible that better tail bounds can be achieved than in this statement:

we have

in the fully random case, one can expect polynomially small error probability.

37



A Broader Phenomenon

The results mentioned on expected max load and bin concentration are actu-
ally corollaries of a broader phenomenon that we establish. By Poissonization (see,
e.g., [MUO5, Theorem 5.10]), it can be shown that when m balls are hashed into
n bins, the load distribution can be approximated by n independent Poisson ran-
dom variables of mean m/n. One can ask to what extent the load distribution when
hashing according to a random linear map resembles that of independent Poisson

variables.

Although it can be shown that these distributions are not close, certain statis-
tics of these distributions are. We show that the expected load of the rth heaviest bin
is bounded by the expected value of the rth largest Poisson random variable among
the n independent variables of mean m/n. The formal statement is deferred to
This broader statement has a surprisingly simple proof. In particular, we
believe it to be simultaneously much simpler than the expected max load proof of
Alon, Dietzfelbinger, Miltersen, Petrank, and Tardos, and the two-sided bound proof
of Dhar and Dvir.

3.1.2 Proof Overview

For simplicity, assume H is a random surjective linear map Fy — F5. We would
like to directly analyze the load distribution of I, but this is quite complicated to
do. Instead, for a set of balls S and hash h, we define a potential function ¢ that
measures how “imbalanced” the allocation of S by h is. In particular, we want a
potential function ¢ := ¢(.S, h) such that if one preimage of h contains > ¢ elements
in S, then ¢ > f(t) for some function f. The hope is now that analyzing ¢ will be

much easier than analyzing the load distribution directly.

We use the potential log(E,[e*" " ®)051]) which takes the logarithm of the
average of the exponentials of all the bin loads with some parameter A > 0. To

analyze this potential, we think of hashing our universe, FY, “one kernel vector at a
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time.” In particular, any h : F¥ — F5 can be decomposed into h = hyohyo---0h,_y,
where h; : F4~ ! — F%~ is a random surjective map. Each h; is much simpler to
analyze, and allows us to show that if h<; == hy o --- 0 h; and ¢; = ¢(S, h<;), then
E[pit1|d1,- -, ¢i] < 2¢;.

This readily gives an expectation bound on ¢, ;, = ¢. By the design of our
potential, we can make f(t) a linear function on ¢. Hence, by setting ¢ to be the
max load random variable, we obtain by linearity of expectation that E[¢] > f(E[t]).
Using the expectation bound on ¢ and solving for E[¢] gives us optimal expected max

load.

Surprisingly, our potential functions also allow us to establish lower bounds on
the loads of all bins. By setting A < 0, the potential now detects whether some bin is
light. Combining this with the max-load analysis allows us to deduce our two-sided

bounds on the bin loads.

To the best of our knowledge, our analysis provides the first proof of optimal
max-load for a function that is universal, but not 3-wise independent. In fact, our
proof technique applies to a broader class of hash functions mapping [2¥] — [2¢].
Imagine starting with 2" bins, where each of the 2" universe elements is in its own
bin. For u — ¢ iterations, pseudorandomly pair bins up in a pairwise independent
fashion (i.e., for an arbitrary bin, the marginal distribution of the bin’s partner is
uniform among all bins) and consolidate each pair into one bin. Consequently, each
iteration halves the number of bins, and at the end of this process, we will have hashed
into n bins. Our techniques show that any such hashing scheme will have optimal
expected max-load. The case of surjective linear maps is when in each round, a

random vector v is picked, and each bin z is paired with bin z + v.

The exponential of our choice of potential function (i.e., ®; = E, [e’“hg(y)ﬂs‘])
has indeed reared its head in previous literature studying linear maps. Perhaps the
earliest hint of this potential is in [ADM™99], where they use a degenerate case of

our potential functions. When proving that H has the covering property, [ADMT99)
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analyzes the decay rate of the density of empty buckets. The density of empty buckets
is simply the exponential potential function with base b = 0 (with the convention
0% = 1). The earliest explicit use appears in work of Guruswami, Hastad, Sudan, and
Zuckerman [GHSZ02|; follow-up work of Li and Wootters [LW21] uses these potential
functions to show that random linear codes achieve list-decoding capacity. We have
not found any references using the logarithmic potential functions ¢; in the setting

of linear maps.

3.2 Preparation

In order to prove our results, we first need to set up some tools. First we
will reduce the analysis of random linear maps losslessly to that of random surjective
linear maps. Next, we will define our potential functions and establish important

properties about them that we will use.

3.2.1 Removing Surjectivity For Free

When dealing with random linear maps, one may expect that surjectivity can
be assumed in exchange for a small loss in parameters, as random linear maps are
full-rank with decent probability. However, to prove our extremely tight bounds,
we cannot withstand even the smallest parameter degradation. We prove that most
natural load quantities for surjective linear maps can be lifted to general linear maps
with absolutely no loss of parameters. We believe this lemma to be interesting in its

own right.

Lemma 3.6. Let f : {0} U [m] — [0,00) be an arbitrary function. Assume there
exists Q such that for infinitely many domain dimensions U > {, every S C FY of

size m, and a uniformly random surjective linear map h : F§ — F%, we have

E[f(Lw (S, h))] < Q.

Then for every u > ¢, S C FYy of size m, and a uniformly random linear map
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h:FY — Y,

This lemma boosts an “infinitely many” bound to a stronger “for all” bound.
Also, the generality of f makes this lemma versatile. Taking f(i) = i to be the
identity gives the expected max load. Taking f(i) = 1,5; gives tail probabilities.
Taking f(i) = i™ gives the m-th moment, and f(i) = e gives exponential moments.
Hence, for most natural quantities involving the max load, it suffices to focus on

surjective linear maps.

Proof of[Lemma 3.6, Consider arbitrary v > ¢ and set S C Fy of size m. There
are infinitely many U > u satisfying the lemma’s assumption (call such U good).
Consider an arbitrary one and take an arbitrary u-dimensional subspace V < FY.
There is an isomorphism ¢ : Fy — V. Denote T := «(S). Since T' C V', we have for
any H : FY — Ff and y € FS that

(H]y) " y)NT|=|H ' (y) NV NT|=|H (y)NT].

Therefore, for every r, L) (T, H|v) = Ly (T, H). For uniformly random H, H|y :

V — % will be a uniformly random linear map. Consequently,
Enlf (L (S, )] = Bulf (Lo (T, H|v))] = Bulf (Lo (T, H))]-

Let € be the event that H is surjective. When viewed as a ¢ x U random
Fo-matrix, this is equal to the event all rows are linearly independent. Hence

/-1
Prig] = (1-27)1—27") . (1—27V ) > 1) o0t > 1 - o7UH,
=0

Let F' := maxo<;<m f (7). We use the fact that ) bounds the surjective expec-

tation to deduce

Enlf (L (S, 1))] = B[ f (Lo (T, H))| < Pr[-&]- F+E[f (L (T, H))|€] < 27V F+Q.
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Recalling that there are infinitely many good U > w satisfying the lemma’s assump-
tion, we can take U — oo through an increasing sequence of good integers, yielding

the desired statement. ]

3.2.2 The Exponential Potential Functions

We consider sampling a random linear map one kernel vector at a time and
tracking the load with a potential. Consider k vectors v<; € (F%)* and a subset

S C FY. Recall V; :== span(v<;). For each 0 < i < k, define
Si(z) = |(x + Vi) N S|.

Note that Sy is the indicator of S, and S;(x) is the number of balls in z’s bin when

FY is hashed according to the first ¢ kernel vectors, vy,..., v;.

Now for arbitrary A € R, define the sequence of exponential potential functions
(1)1<S; A, ng) = ]ECENFTQ‘ [eASi(x)L

and abbreviate this quantity by ®;. These potentials will serve as a tractable proxy

for the rth load. We will now establish three important properties of these potentials.

The first lemma shows that when A > 0, the potential upper bounds the rth
largest load, and when A < 0, the potential lower bounds the rth largest load.

Lemma 3.7. Let {,1 < r < 2° be integers, v<; be a fized tuple of linearly independent

vectors in FY, and h : FY — FY be a linear map with kernel V,_,.

o When A >0, ®, > LA SR,

o When A <0, &,y > 27”76AL<T)(S7h),

Proof. Denote k := u — £. Notice that since h is linear, the preimages of h partition

F% into the 2 cosets of the kernel Vj. Therefore, r cosets contain at most L,)(S, h)
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elements of S, and 2° —r + 1 cosets contain at least L(S, h) elements of S. Call the

former cosets light and the latter cosets heavy.

We show the first item. For any vector x in a heavy coset, x 4+ V) is heavy,
and so Si(z) = |(z + Vi) N S| > L (S, h). There are (2° — r 4 1)2* such z. Using

the fact that y — e is increasing when A > 0, we can lower bound

o 26—r+1
o), = E%Fg [eASk( )] > 5 AL (Sh)

The second item is analogous. For any vector x in a light coset, x + V}, is light,
and so Si(z) = |(x + V4) N'S| < L()(S, k). There are at least 72* such x. Using the

fact that y — e is decreasing when A < 0, we can lower bound
- r
(I)k = Emw[gg [6)‘Sk( )] > ?GAL(T)(S’h).

O

The next lemma gives a growth bound on the potentials. In particular, it

shows that in conditional expectation, the potential function at most squares.

Lemma 3.8. Let ve; € (FY)Y, and let viyy ~ FY\ Vi. We have E,,, | [®;11] < ®?

Vi+1 7"

Proof. Denote the following quantities:
Ei(x) = i)

Vi1 (vig1) = Eu[Ei(z) Ei(x + vig1)].
First notice that for v ¢ V;, V; and V; + v partition V;4;. Therefore, S;1(z) =
Si(z) + Si(x +v), and so E;11(z) = E;i(z)E;(x +v). Consequently, for v, ~ Fy\ V;,

B [Pis1] = Eopy [Biv1(2)] = Eppyy [Bi(2) Bi(2 4+ vi41)] = Euyy Wi (vig)]-

Hence it suffices to show E,,,[¥;11(v41)] < @7. To do so, we will first show the

average of W;,; over all of FY is ®?, and then show that ¥; ;(v) > ®? for all v € V;.
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By an averaging argument, this implies the average of W, outside V; is at most ®?

as desired.
To prove the first claim, note that for uniform and independent (z,v) € (FY%)?,
so is (z,z +v). Hence,
Ey[Uis1(v)] = ool Bi(2) Bi(z + )] = Boo[Ei(2) Ei(v)] = Eq[Ei () B, [ (v)] = 7.

We now show the second claim. Since .S; is constant over cosets of V;, it follows

Ei(z) = E;(z + v) for any v € V;. Therefore for all v € V},
Wi1(0) = By Bi(0) By + )] = B [B(0)?] > Byl (o) = 07,

Both claims are now proven and we conclude. O

The above two lemmas are enough for us to deduce expected max load bounds
and the Poisson comparison in its full generality. For technical reasons we will need

the following lemma, which is essential to establishing effective tail bounds.

Lemma 3.9. Let ve; € (FY)', and v;y1 € Fy\'V;. For any b > 0 we have ®;,1 — 1 >
2(d; — 1).

Proof. First note that V; and V; 4+ v;4; partition V;, ;. Therefore, S;1(z) = S;(x) +
S;(z4v;41). Combining this observation with elementary manipulations and linearity

of expectation, we see
By — 1 = B, [MEi@Siarvi) _q)
_ Ew[e)\Si($) _ 1] + ]Ex[e)\si(at+vi+1) . 1]
+ Em[e,\(si(x)+si(m+vi+1)) — ASi@) _ ASi(@tvin) 4 1]
=2E, [e/\Si(z) —1]+ ExKe/\Si(ff) _ 1)(6)\Si(x+vi+1) )]
> 2(®i — 1),

where the inequality follows from the fact for any b,r,s > 0, b — 1 and b° — 1 have

the same sign.
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3.3 Poisson Thresholds Govern Loads

Let m,n > r > 1 be integers, and denote p := m/n. We define T, (m,n) and
T~ (m,n) to be the unique real ¢t € [u,00) and t € (0, p, respectively, such that

¢
ne (%) =, (3.1)

Note TF is well defined: at ¢ = p the left-hand side equals n > r, and it decreases
continuously to 0 on [u,00). When p > log(n/r), T, is well defined: as ¢t — 0, the

left-hand side approaches ne™ < r, and it increases continuously to n > r on (0, u.

Intuitively, the quantity 7. (m,n) is the load level at which the standard
Poisson Chernoft bound predicts r heavy bins when hashing m balls randomly into
n bins. Each bin’s load can be approximated by a Poisson random variable with
mean f = m/n. The Chernoff bound optimized for Poisson random variables states
that Pr[Pois(u) > t] < e™* (%)t [MUO05, Theorem 5.4]. Thus, in the fully random
balls-into-bins process, the Chernoff proxy for the expected number of bins with load
at least t is ne ™" (%)t Setting this proxy equal to r gives precisely t = T.F(m,n).

In a similar manner, 7" (m, n) is the load level at which the Poisson Chernoff bound

predicts r light bins. By taking natural logarithms, is equivalent to

D(t, u) = log(n/r). (3.2)

This version will be convenient for certain calculations later, especially since we can

use |Proposition 2.1}

In summary, 7,f(m,n) and T,” (m,n) are the expectation-threshold estimates
for the rth largest and rth smallest loads, respectively, in the fully random hash
setting. Our main conceptual contribution is to show that the rth largest and rth

smallest loads of linear hashing are bounded by these expectation thresholds as well.

Theorem 3.10. Let u > ¢ > 1,1 < r < n = 2¢ and m > 1 be integers, and
let S C FY be an arbitrary set of cardinality m. For a uniformly random linear
h:FY — Y,
E[Ln—r+1)(S, h)] < T,7 (m, n).
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Proof. Let k:=u— £, t :=T+(m,n), p:=m/n, and X := log(¢t/u). Note A > 0.

By [Lemma 3.6 we can assume without loss of generality that h is a random
surjective linear map. To pick h, we will pick linearly independent vectors vy, ... v, €
Fy uniformly at random, and then pick a uniformly random h with kernel V' :=
span(v<i) =: Vi. To sample the vy, we will iteratively pick v; ~ Fy \ V;_; for
i=1,... k.

Using the vectors v<y and set S, define {S;(z) = [(z + Vi) N S|}o<i<k, the
potentials {®; = E,ry [e*5i®)] }o<ick, and the log-potentials {¢; := log ®; }o<ick. We
will first show that E[¢,] is bounded. We will next show that L,_,+1) is bounded
by a linear function in ¢,. Linearity of expectation will then give us a bound on

E[L(n—r+1)] .

As |S| = m, we can compute

A1 t—
L =

o, — Eaz ASo(z) _
0 [6 ] 2u 2u

Therefore,

t— t—
¢0:log(1—i— o )S o

By Jensen’s inequality and we deduce for each 0 <17 < k,

Eoppi [0i41 | v<i] = By, [log(@is1) | v<i] < 10g(Ey,,, [Pis | v<i]) < log(®F) = 2¢);.

Therefore, we can repeatedly apply linearity of expectation and the law of total

expectation to deduce

El¢r| < 2E[¢p—1]

IN

< 2% (3.3)

We now bound L,_,41y by a linear function in ¢,. By

d, > ZGAL(n7T+1>(S7h) — ¢k > >\L(nfr+1)(sa h) - log(n/r)
n

46



We isolate L,—,1) in this inequality, take expectations, and use |[Eq. (3.3) to deduce

B[ L (5, )] < S8 080T)
_ 2"¢o +log(n/r)
- A

t — pu+log(n/r)
= log(t/)

=1,

where the last equality follows from [Eq. (3.2)

]

We now similarly prove the rth smallest load is lower bounded by the analogous
quantity for independent Poisson random variables. The proof is nearly identical: we

now set A < 0 instead.

Theorem 3.11. Let w > ¢ > 1,1 < r < n = 2° and m > nlogn be integers,
and let S C FYy be an arbitrary set of cardinality m. For a uniformly random linear
h:FY — Y,

E[L)(S. 1)) = T, (m,n).

Proof. Let k :=u—{,t =T (m,n), p:=m/n, and X := log(t/u). Note A < 0.

By [Lemma 3.6 we can assume without loss of generality that h is a random
surjective linear map. To pick h, we will pick linearly independent vectors vy, ... v, €
FY uniformly at random, and then pick a uniformly random h with kernel V =
span(v<y) =: Vi. To sample the v<y, we will iteratively pick v; ~ Fy \ V;_; for

i=1,...,k

Using the vectors v<;, and set S, define {S;(x) = |(z + V;) N S|} o<i<k, the
potentials {®; == E,ry [e*5i®)]}o<ick, and the log-potentials {¢; = log ®; }o<ick. We
will first show that E[¢;] is bounded. We will next show that L is bounded by a

linear function in ¢. Linearity of expectation will then give us a bound on E[L,].
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As |S| = m, we can compute

Dy = E,[e*0@)] = ;"_u

Therefore,

t— t—
¢0:log(1—i— o )§ o

By Jensen’s inequality and we deduce for each 0 < 7 < k,
Evi+1[¢i+1 | Uﬁi] = ]EviJrl [log(q)i-&-l) ’ USi] S 10g(Evi+1[(I)i+1 ‘ USiD S 1og(<I>§) = 2¢i'

Therefore, we can repeatedly apply linearity of expectation and the law of total

expectation to deduce

El¢r| < 2E[¢p—1]

< 2k, (3.4)

We now bound L,y by a linear function in ¢;. By

By > — MM — g > AL (S, h) — log(n/r).

n
We isolate L) in this inequality, reversing the inequality because A < 0. Taking
expectations and using [Eq. (3.4)] we deduce

E[¢x] +log(n/r)

E[L@y (S, h)] > 3
2k + log(n/r)
= A
t — p+log(n/r)
= " log(t/)
p— t,

where the last equality follows from [Eq. (3.2).
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At this point, the reader interested in getting tight explicit asymptotic upper
or lower bounds on the expected rth load in any ball/bin regime can simply disregard
linear maps and analyze T, (m,n) or T, (m, n) directly using the Lambert W function
and its Taylor expansion |[CGHT96|. For example, in the canonical setting of m = n,

Ty (n,n) is the real ¢ > 1 such that tlogt — ¢ + 1 = logn. This solves to t =

logn—1

Wloan=1)70)" Taylor expanding W and gathering the first few terms of the reciprocal

series yields

logn logloglogn + 1 logloglogn >
L + (14 0(1)) (22580 :
log logn log logn log logn

Similar calculations can be done for any m and n and to any fixed asymptotic order.

We now establish two corollaries of this Poisson phenomenon: optimal ex-

pected max load and two-sided bounds.

3.3.1 Additively Optimal Expected Max Load

In this section, we show that in the canonical setting of n balls into n bins,
the expected max load of a random linear map is extremely close to the expected
max load of a fully random map. To start, we first bound how close T (m,n) is
to the max load of a fully random map in the sparse regime. As the number of
balls decreases with respect to the number of bins, the Chernoff threshold grows with
respect to the average load. Letting p :== m/n be the average load, and t := T} (m, n)
be the Chernoff threshold, we show in the sparse regime where ¢/u grows sufficiently
fast, ¢ is within 3/2 + o(1) of the expected max load of a fully random map. The
proof is inspired by the classic max load lower bounds established via the Poisson

Approximation theorem [MUO05, Lemma 5.12].

Lemma 3.12. Let n and m := m(n) be integers, let 0 < n(n) <1, and set p:=m/n
and t == T} (m,n). Define R(m,n) = Efmaxep |f~(2)|], where f: [m] — [n] is a

uniformly random function. If lim, % = 00, then
1
R(m,n) > {t 5~ nJ —o(1).
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Proof. Let § == §+n and set s := [t —4]. If s <y, then since R(m,n) > p, it follows
that R(m,n) > p > s. Henceforth, assume s > p, which also implies s > 1.

Let Xi,...X, be independent Pois(x) random variables. By the Poisson ap-

proximation theorem for monotonically decreasing events [MUOQ5, Corollary 5.11],

Pr [max f7H @) < 8} <2Pr [maXXi < s] = 2(Pr[X; < s])" < 2e PrXizsl

i€[n]

where the last inequality used 1 — x < e™*. We can crudely bound

R(m,n) > s-Pr {m?)]df_l(i)\ > s} =s—sPr [mﬁ(]f_l(i)] < 8] > §—2se " PrXLZs]
[ASI) en

It remains to show 2se " PrX123] = 5(1). Using Stirling’s formula [Rob55], we estimate

Pr[X; =s| = e’“u—l >e# (%

S ]_ e*D(S,,U,) eiD(Svu)
12 () o

— > .
V2ms  el/125\/21s T 24/TS

We now use the definition of ¢ to lower bound

eD(t.u)—D(s,p) edlog(s/p) 1 ( s ) N

> =
2¢/ms — 2yT7s 2 /T \ p

where the last inequality follows from [Proposition 2.1} As s > 1 and s = [t — §], it

nPr(X; > s| > ePHr) . Pr[X; =s| >

follows s > t/4. Hence, by the limit assumption,

nPHX, > 8] > ! <f)n > % (%)n — w(log(e + 1)).

NZTANT
Therefore,
R(m,n) > s — 2se " Prl¥azsl > o gpemwlloslerd)) — 5 (1),
]
We can now deduce [Theorem 3.2
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Proof of [Theorem 3.3. Denote t := T} (n,n). Let n(n) := min{l,/1/logt} = o(1).

We see log(tZth) = 1§£) — 00 as long as t — oo. Indeed, D(t,1) = logn implies

logn = tlog(t/e) + 1 < t*/e+1 = t > \/elog(n/e) = w(1).

Hence, we can invoke [Lemma 3.12f and [I'heorem 3.10] with m = n and » = 1 to get

E[M(S,h)] <t <E[M([n], f)]+t— {t - % - nJ +o(l) = E[M([n],f)]—l—%—i—crko(l),
where ¢, = {t — 3 —n} = {T77(2,2°) — L —n(2°)}. Denote t, = Tj(2%,2%), n, ==
n(2%), and dy == t, — % — 1y, whence ¢, = {dy}. Notice that to show a subsequence
of (cg) goes to 0, it suffices to show that (d,) is monotone increasing, d, — oo, and
dgy1 — dy — 0. With these three claims, for each integer we can take the first ¢ at
which d, crosses that integer; since the increments are o(1), the overshoot, and hence
the corresponding fractional parts, approach 0. The first two claims hold because

ty increases monotonically to co and 7, decreases monotonically to 0. For the final

claim, we first observe

log2 = log(2£+1) — log(2£) = D(tgs1,1) — D(tg, 1) > (tee1 — to) logty

by [Proposition 2.1, Therefore,

log 2
dep1 —de =t —te — Mg + 10 < 282 +0o(1) = o(1)
log ty

since t, — oo. This proves all three claims. O

We note that the same %—1—0(1) gap can be derived for small enough m relative
to n (as dictated by the limit condition in [Lemma 3.12)). We do not include the

explicit calculations here.

3.3.2 Two-sided Bounds

In this section, we use [I'heorems 3.10[ and [3.11] to prove sharp load concentra-

tion in the dense regime when m > nlogn. First, we will need estimates on T} (m, n)

and T} (m,n) in the dense regime.
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Proposition 3.13. Let n and m > nlogn be integers, and denote j = m/n.

have

T (m,n) — T, (m,n) < 44/ plogn.
The leading constant of 4 can surely be improved.
Proof. Let a := T, (m,n) — p and b == pu — T, (m,n).

logn = D(pu+a,p) — D(p, 1) = /W log(z /) dx

/ log(1 4 u)d
/ 1—|—u

1+a/,u ,u+a

>a-

Solving this inequality using the quadratic formula and a > 0, we obtain

Slogn—i-\/log;n—i-ll,ulogn_ \/ulogn—;\/5,ulogn < 2/plogn.

Similarly, we can bound b by noting

u—b
logn = D(u—b,p) — D(p, p) = / log(z/p) d

Thus b < v/2ulogn and

Our two-sided bounds are now one use of Markov’s inequality away.
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Theorem 3.14. Let u> (¢ > 1, n = 2%, and m > nlogn be integers, and let S C Fy

be an arbitrary set of cardinality m. For a uniformly random linear h : FY — F%, we

s -] <]

Proof. Let p == m/n, t* = Ti"(m,n), and ¢t~ := T} (m,n). Note that L;)(S,h) <
p < Lpy(S,h) for all h. Hence, by Markov’s inequality on p — Ly(S,h) and
Ln)(S, h) — p1, we obtain

have

Pr [‘v’y c T,

t+

— —t
£, Pl (S.h) < p-a) < B

Pr[Luy(S,h) > p+ Al < A
Therefore,

L) (S,h)>p+A or
Pr[Vy: L,(S,h) € [n— A, pu+ Al =1—Pr (L()l)(S,h)lglqu ]

+_ 4
S R At U el
- A A

tt—t
—1—

A
>1_4\/,ulogn
—_— A *

Setting A := 4e~'y/ulogn yields the desired result.

3.4 Tail Bounds

After obtaining optimal expected max load, it is natural to ask how strong of
tail bounds we can achieve. Expectation on its own only yields constant probability
tail bounds using Markov’s inequality. In this section, we show that linear hash maps
enjoy sharper inverse-polylogarithmic tail bounds. On the negative side, we also show
that they do not have the inverse-polynomial tail bounds that fully random functions

PoOsSsess.
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3.4.1 Tail Bounds For Squaring Random Variables

To show our tail bounds, we first show generic tail bounds for random variables

whose conditional expectations square and satisfy a strong monotonicity condition.

Theorem 3.15. Let Xy > 1 be a constant, and let Xy,..., X be random variables
satisfying X; 11 —1 > 2(X; — 1) and E[X; 11| X<;] < X? for alli. Fort > Xy, we have

Xo—1\?
Pr[sztzk]g( 0 ) .

t—1
Remark 3.16. This bound is asymptotically tight as ¢t — co. Fix ¢t > X and define
2 : ity Xo=1?
. e, with pr‘obablhty tng, and Xip = X2 (i>1).
2Xo— 1, otherwise,

It can be shown that the conditions of [Theorem 3.15| are satisfied. Since 2X; — 1 <
X2 < %, we have X}, > 2" if and only if X; = ¢2. Hence,

(Xo —1)?
2 —2Xp+1

Z Et;)(lo)i 1 ()io—_;)z
~ (1 - a(D) (fO_‘ff.

Proof. Define the function ¢ (u) == min{1,u?}, and define Y; := 1 <M) . We will

201

PrX, > t*] =

show the following key claim.

Proposition 3.17. (Y;);>0 is a supermartingale.

From this claim we will have that E[Y;] < Y, < ()io__ll)Q, and so by Markov’s

inequality,
k X, —1
< E[Y;]

< (Kot 2.
“\t-1
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]

Proof of |Proposition 3.17. Fix an ¢, and condition on values of X<;. Let ¢; .= X; — 1
and T ‘= t2i —1. We note that Ti+1 = 7'7;(7'1'—{—2), 52’—1—1 Z 251, and E[5i+1 ’ 51] S 51(51—|—2)

We will prove the following generic bound, from which the proposition will follow.

Claim 3.18. Let 7 > 6 > 0 be real numbers. Let d be a random variable such that
d>25 and E[d] < 6(0 4+ 2). Then

()] <+ ()

Proof of [Claim 3.18. Let T = 7(7 + 2). The expectation above is clearly upper
bounded by 1, so it suffices to show

()%

We will upper bound ¢(d/T) on the domain d > 26 by a linear function, and then
apply linearity of expectation. Define

Y1) —$(26/T)
T—26

L(x) =(26/T) + (x — 20)

to be the unique line satisfying £(20) = ¢(2§/T) and L(T) = ¢ (1) = 1. Note that

T > 26, so this line is increasing.

We claim that for = > 26, L(x) > ¢(z/T). When x > T, we see L(x) >
L(T)=1=1¢(z/T). When z € [26,T], the function ¢(z/T") is convex, so the secant

line £ lies above it. Therefore,

E [w (%)] < E[£(d)] = L(E[d]) < £(5(5 +2)).
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We now compute

4821 40%/T?

2
L(5(5+2>>_ﬁ+ T 9 )
0 4 T? — 452
s ((¢+2)2+ (¢+2)2(T—25))
0P AT +2)
BT
0 P42 42044
T2 (T + 2)?
< 0% TP 441 +4
- 72 (14 2)?
52
< 2
yielding the desired result. ]

Applying the claim with d <« 9;41, 6 < 0; and 7 < 7; shows that
E [1/1 (M) |X9} < (f-) which implies the proposition.

Ti+1

3.4.2 Applying the Bounds to the Potentials

With [Theorem 3.15| in hand, we can now show linear hashing achieves (1 +

0(1))10{;1%)2” max-load with probability 1 — o(1).

Theorem 3.19. Let u > ¢ > 1 be integers, and n = 2. Let S C F¥ be of cardinality
n, and let K be the set of all linear maps h : F¥ — FS. Let t be the unique real number
such that (t/e)' =n. For any r > 1,

2

e
P > < ——
it (M(S,h) 2 rt] < (r+1)2t2-2/r
Proof. By , we can assume h is surjective. Let k :=u—/fand A =1+ lngt.
To pick h ~ H, we will pick linearly independent vectors vy, ..., v, € F4 uniformly
at random, and then pick a uniformly random % with kernel V' := span(v<;). In
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particular, for ¢ = 1,... k we will iteratively pick v; ~ Fy \ V;_;. Using S and
v<k, define the functions {S;(z) = |(z + V;) N S|}o<i<x and the potentials {®; =
B,y [€* )] }o<i<. If some preimage of h had load at least r¢, then |(z+V)NS| > rt
for some shift x. then implies

Art rtgt
Bp > = C L _ g,

We can easily compute

n ne)‘ et —1

Oy =E, [6)‘50(x)] u o + o

By and [3.9] the sequence (®;) satisfies the hypotheses of [Theorem 3.15

Hence,

do—1 \’

r+1)t/2k 1
)\ 2k

< ez (e —1>ux)
(r+1 15/2"c
etl/r
< (r+ 1 )

o (r + 1)2t2—2/r

Pr[M(S,h) > rt] < Pr[®; > !+

3.4.3 On the Optimality of our Tail Bounds

At this point, the only remaining pseudorandom property we can ask for is

optimal tail bounds. A fully random map is able to achieve max-load (1+0(1)) bg’lgo gn

with probability 1 — 1/n4Y). Can a random linear map achieve such a strong proba-

bility guarantee? We show the answer is no, and that a linear map can only guarantee
optimal max-load with probability at most 1—2~0((loglog m*) More generally, we show

the following.
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Theorem 3.20. Let h : FY — F5 be a random linear map. There exists S C FY of
size n = 2% such that for every 2 <r </,

Pr(M(8,h) > 2'] > g r(r ),

Proof. Let S := 5 x {0}*7¢. Let by,...,by be a basis of S, and consider the matrix
H whose rows are h(by),...,h(b;). On the event that rank(H) = ¢ — r, we have
M(S,h) > |h=10) N S| = |ker(h|g)| = 2".

For random h, the matrix H is uniformly random. The event rank(H) = ¢ —r
occurs when the image of H is a codimension-r subspace of F. The Gaussian binomial

coefficient satisfies

0 r2t—2
_ > 27"(@ r)
(L),
j_
since each factor is at least 2°°". For a fixed codimension-r subspace V, the number

of linear maps from S onto V is

—r— ¢

H _ 2] (Z ) H (1 - 271> > 22(877')71

7=0 i=r+1

Since there are 2¢ possible matrices H, it follows that

27‘(Z7r)25(87r)71 e i
Pr[rank(H) = ¢ —1r] > 5 =27l > gl

Thus, Pry[M(S, h) > 27] > 277+, O
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Chapter 4: Random Toeplitz Maps

4.1 Introduction

A Toeplitz matrix is a matrix whose main diagonals are constant. Random
Toeplitz matrices are a classical and practical construction of hash functions. They
have been described as the “simplest bit-efficient construction of a universal hash
function” [HILL99]. Due to their extreme efficiency, they are implemented in prac-
tice as extractors [SEFIT11]. Hash functions satisfying linearity are desired objects
in cryptography. However, taking a random linear map may require more bits of
randomness to sample than wanted. Toeplitz matrices require the minimal amount
of random bits to sample, and are thus a go-to linear hash map in this field. Exam-
ples include the Goldreich-Levin construction of hard-core predicates [GL89], Hastad,
Impagliazzo, Levin, and Luby’s constructions of pseudorandom generators [HILL99],
Goldreich, Impagliazzo, Levin, Venkatesan, and Zuckerman’s privacy amplification of
one-way functions |GILT90], and Krawczyk’s construction of message authentication
schemes [Kra94]. Toeplitz matrices are among the simplest universal hash functions
from a complexity-theoretic standpoint. Mansour, Nisan, and Tiwari [MNT93|] prove

that Toeplitz matrices achieve optimal time-space tradeoffs for universal hashing.

In this chapter, we study a basic property of random Toeplitz matrices: their
expected max-load. When n balls are tossed into n bins via a random Toeplitz
matrix, what is the expected number of balls in the heaviest bin? A folklore argument
shows that for any 2-universal hash function (and therefore Toeplitz matrices), the
expected max-load is O(y/n), and beyond this no progress has been made. Indeed,
this question has been explicitly asked in the literature. The seminal work of Alon,
Dietzfelbinger, Miltersen, Petrank, and Tardos [ADM™99|, which showed that random
linear matrices achieve logarithmic expected max-load, asked about the occupancy
properties of other well-known hash families and explicitly mentioned three families

as examples: modular arithmetic over Z/pZ [CWT9, [FKS84], integer arithmetic, and
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Boolean convolution. In 2016, a beautiful work of Knudsen gave an improved expected
max-load bound of O(n'/?) for the first two hash families [Knul9]. The third hash

family is equivalent to Toeplitz hashing.

A recent result adds motivation to studying Toeplitz matrices. As shown

in [Theorem 3.2 a random FFs-matrix achieves the optimal expected max-load of

O <10§i gn) However, when mapping a poly(n)-sized vector space to a size-n space,

this construction uses O(log®n) bits of randomness. It is natural to ask whether a
derandomized family of matrices exists. Indeed, the result of implies
the existence of a poly(n)-sized subfamily of matrices that achieves optimal expected
max-load, but finding an explicit family using O(logn) bits of randomness remains

open. A very natural and practical candidate for this is Toeplitz matrices.

In this chapter, we prove a cube-root bound on the expected max-load of a

random Toeplitz matrix.

Theorem 4.1. Let u > 20 > 1 and n = 2°. Let T € ngu be a random Toeplitz

matriz, and let S C Fy be an arbitrary set of size n. We have

Er {max T 'y N Sq = O((nlogn)"/?).
y€eFy

4.2 Equivalences

Here we will first show the equivalence between Toeplitz hashing, Boolean
convolution hashing, and a polynomial multiplication-based hash. In the next section,
we will directly analyze the polynomial hash function to get a O(n'/3) bound on the

expected max-load of Toeplitz hashing.

For ¢ € Ty~ define the Toeplitz matrix T¢ to satisfy T = cjive-

Co  Ci41 Coy2 7 Cygr—
Co—1 C Copqy1 - Cygp—2
TC — . . .
Co C3 Cy 0 Gyt
C1 (&) C3 cee Cy

60



For a string ¢ € F4™~! and v € FY, define the convolution

COovV = (Z Ci—&-j—l”j) S ]Fg
i€[¢]

J=1

Finally, define p, = Y, c;a'~* € Fy[z]. For a string s, let § be its reverse.

Theorem 4.2. pre; = Peoy = (peps (mod z*71)) div v~

Proof. We first show that cov = T“. Indeed,

u u

u
C _ C — — —
(T*v); = E Tijv; = E Cj—it+eVj = g Clet1-i)+j—1V5 = (€O V)py1-
j=1

j=1 Jj=1
for every i € [¢]. Hence, cov = T, and the first equality follows.

Now write
ut+l—1 u ut+l—1 u
_ i—1 I A —  itj—2
DePs = E X E vz’ = E E civjz' T
i=1 j=1 i=1 j=1

For k € {0,1,...,¢ — 1}, the coefficient of z**~1 is

u

u u
Y= Curkr1— U = Y Cuthpi—jVurioj = 3 Chaj¥ = (COV)pp1.

i€lu+l—1], j€[u] Jj=1 j=1 Jj=1
i+j=utk+1
Therefore the coefficients of degrees u — 1,u,...,u + ¢ — 2 in p.p; are exactly the

coordinates of ¢ o v, which is equivalent to

1

u+€—1) div z¢ L.

Pcov = (pcp@ mod x
[l

This lemma establishes the equivalence of the expected max-load of three hash

families.

Corollary 4.3. Let S C FY, and set S" == {p; : v € S} C Fy[x].,. Consider the

following three hash families.
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1. H! :FY — T defined by H!(v) :== T for ¢ ~ Fy™1;

2. Hc2 :Fy — Fg defined by Hg(v) = couv forcn~ FngZfl;
8. H?: Ryyo1 — Falz|eg H2(q) =rqdiva™" forr~ Ryyo;.

We have
E.[M(S, H,)| = E[M(S, H7)] = E,[M(S', H})].

Proof. For each fixed ¢, the outputs of H! and H? differ only by reversal, so
M(S,H;) = M(S, H?).

Next fix ¢ and let r = p,. By [Theorem 4.2 py2) = H?(ps) for every v €

FY. The map v — p; is a bijection from F¥% to Fy[z].,, and the map from F} to
Fs[z]<, given by y — p, is also a bijection. Hence H? on S and H? on S’ induce
exactly the same multiset of bin loads. Therefore M (S, H?) = M(S’, H?), and taking

expectations over uniformly random c¢ proves the claim. O

4.3 Main Result

This section will be dedicated to proving the following main result.

Theorem 4.4. Let v > 20 > 1 be integers, and n := 2¢. Let T € ngu be a random

Toeplitz matriz. Let S C FY be an arbitrary subset of size n == 2°. We have

Er[M(S,T)] = O((nlogn)'?).

To do so, we will need to establish some structural results regarding balls and
close-pairs in the ultrametric space (R, daeg). But before that, we justify why we

are looking at balls in this ultrametric space in the first place.
Lemma 4.5. Let q € Fy[z] and p € Fy[z].

qg=pdiva" < pe€ B(qz",r).
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Proof. By the division algorithm, we can express p = az” + b, where degb < r.
g = pdiva” if and only if a = ¢q. p € B(gz",r) if and only if r > deg(p + gz") =
deg((a + g)x" + b). Since degb < r, this is true if and only if a + ¢ =0 <= a =g¢.

]

Hence, the set of all polynomials with the same quotient when divided by a
monomial is a ball in this ultrametric space. Hence, balls will naturally show up
when analyzing the preimages of the hash function H? in . A closer
inspection of this function reveals we will need to reason about scaled balls, which we

now investigate.

Lemma 4.6. Let B, B’ be balls of radius v, and let p,q € R be coprime of degree
d<r.

1. p~'B is a disjoint union of at most 2% balls of radius r — d.

2. Ifd+r <m, p'BNq B is either empty or a ball of radius r — d.

Proof. 1. Notice that p~*B(c,r) = p~tc+ p~'B(0,7), so we may assume without
loss of generality that B = B(0,r). We claim

p 'B(0,r) = |_| B(p~'b,r —d).

bER,,
deg b<d

This would imply the desired result as balls of the same radius are either the
same or disjoint. To show that the LHS is included in the RHS, consider any
polynomial f of degree < r. We can write f = ap + b, where dega < r — d and
degb < d. Then p™'f = a+p'b e B(p~'b,r — d), which is one of the balls in
the RHS.

For the reverse inclusion, consider p~'b + a for some polynomials a,b € R,,
where dega < r — d and degb < d. Then p™'b+a =p (b +ap) € p~*B(0,r)
because deg(b + ap) < max(deg(b), deg(ap)) < r.
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2. By Item 1 and [Proposition 2.6, it follows p~'B N ¢ !B’ is a disjoint union of

some number of balls of radius » — d. We will show that any two elements of

p~ 1B N g !B have distance at most r — d. By [Proposition 2.6| this implies all

elements are contained in the same ball.

Say we have two elements p~tb; = ¢ 'by and p~tc; = ¢ le, in this intersection,
where by, c; € B and by, c; € B'. Adding both equalities, we see p~1(b; + ¢1) =
q by + ¢2) (mod z™), implying that

™ |q(by + c1) + p(by + ¢2).

Now since by, c; are in the same radius-r ball B, and b, ¢y are in the same

radius-r ball B’, deg(b; + ¢1) < r and deg(by + ¢2) < r. Hence

deg(q(by 4+ c1) +p(bas + ¢2)) < max(deg(q(by +c¢1)),deg(p(ba +¢2))) < d+r < m.

Any polynomial divisible by 2™ of degree less than m must be 0. Therefore,
p(ba + c2) +q(by + 1) =0 = p(ba+ ca) = q(b1 + 1) = plq(by + 1)

Since p and ¢ are coprime, we have p|b; + ¢;, implying that p~!(b; + ¢;) is some
polynomial of degree deg(b; + ¢1) — deg(p) < r — d. Thus, dgeg(p~b1,p " e1) <

r — d as desired.

]

We will now use the above lemma to deduce that if a set S has the property
that pS heavily intersects a small-radius ball for many low-degree p, then S must

have many close pairs.

Lemma 4.7. Let m,r > d > 1 be integers such that r +d < m. Let S C R,,. Let
P C R be a set of irreducible polynomials of degree d such that for each p € P, pS

intersects some radius-r ball in at least M > 2% points. Then N,_4(S) > (MZZ#|P|
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Proof. For each p € P, there exists a ball B, of radius r such that |pS N B,| =
|SNp™'B,| > M. By|Lemma 4.6, p~'B, can be partitioned into at most 2¢ balls
of radius r — d. Let B;, ey B,];p be the subset of those balls that intersect S, where
k, < 24. Notice that any pair of points of S contained in the same B]’; has distance at
most r — d. Therefore, the number of pairs of polynomials in S of distance at most

r —d is at least

N,_q(S) > > |SAB|(|SNBl-1)> Y (ISNB|-1)%
Be{Bé}peP,ie[kp] Be{B}}
If the balls (B;) were pairwise distinct, each (7, p) would contribute new pairs to the

tally and give us a strong lower bound. Although we are not promised this is the case,

Item 2 of tells us that there cannot be too much multiplicity present.

For a ball B, let the multiplicity of B, m(B), be the number of (i, p) for which
B = B]. First note

m(BY) =1+ Z 13;;:32,'-
g€ P\{p}
J<kq

Now observe that by that for each fixed p # ¢ € P, there is at most one
pair (4, j) such that B} = BJ. Thus, for each fixed p € P we can bound

Y omB) =k + Y Ly _py <20+ o o1=2"4|P—1< 2%
1<i<kp qegc{p} q€P\{p}
]gk;f

where we used the fact k, < 2% and |P| < (1 + 0(1))% < 2% (via |Proposition 2.3[).
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We can now bound

(|ISN Bl —1)?
SNBl—1)?*= P
Bg{m(' |—1) ,?ep m(BY)
P i<kp

>Z z<k |SOBZ|_]‘))
7,<k: m(Bl)

peP
>y W s
peEP
_ (M = 292|P)
- 2d+1 Y

where we used Cauchy-Schwarz, the fact > . [S N Bj| = |[SNp™'B,| > M, and
k, < 2%, O

We are now ready to show an O(n'/?) max-load bound on a polynomial hash

function that is not exactly equivalent to Toeplitz hashing, but can be analyzed easily.
Theorem 4.8. Let u > ¢ > 1 be integers, and define n = 2°. Let S C Ry4¢_1 be a
set of 2° polynomials. For r ~ Ry .y, we define Hy @ Ryqgy — Fy[z]<¢ to be

H,(p) = rpdiva* .

We have E,[M(S, H,)] < C(nlogn)Y?, where C is independent of u and .

We note this is not equivalent to Toeplitz hashing via the function H? from

Corollary 4.3 because r ~ R rather than r ~ Ry 1.

u+l—1>
Proof. For any M < n, let 65 = Pr[M(S, H,) > M]. Let t ~ R , ; be uniformly
random. We will need the following claim (recall |Definition 2.7]).
Claim 4.9. For any 1 < d <log,(M/4),

(5M(M — 2d)2 2n

D < By, NS < 55
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Set d = [logy(M/4)]. For any M > (nlogn)'/?, 1 < d < log, M. Therefore,
(Claim 4.9[ tells us

o < 8nd
M = (M — 24)22d

for all (nlogn)'/? < M < n. We then compute

E[M (S, H,)] < (nlogn)'? 4+ 200n Z log 1 < C(nlogn)*/3.

M3~
M>(nlogn)l/3

We now prove |Claim 4.9

Proof of [Claim 4.9. We first show the upper bound. Fix elements s; # s of S, and

o /—1 _ ! / X
let 9 := ged(sy + s9, 247 "). Hence s + 53 = 295', where s’ € R, ;. We now see

Pr(daeg(ts1,ts2) < u—d] = Pr[daeg(0,t(s14 82)) < u—d] = Pr[daeg (0,27 -ts") < u—d].

When g > u—d, this event is never satisfied. When g < u—d, the event is satisfied iff
the coefficients of 2479, ... ***~279 in the polynomial ¢s" are zero. Asts’ ~ R, |,

this happens with probability 27¢=**!. Therefore, by linearity of expectation, we have

E:[Ny_q(tS)] < n(n — 1)2747H1 < 25 /24,

We now show the lower bound. Let R = {r € R}, , , : M(S,H,) > M}
be the set of bad randomness. This means for any p € t 'R, M(tS, H,) > M. By
, this implies that p-(tS) intersects some radius-u ball in at least M points.
We want to use the primes in the set t 'R to show that many close pairs exist (via
[Lemma 4.7). Let P = {p € Fy[z]~|p is prime}. For each p € t"'RN P, we know

M points of p - t.S are contained in some ball of radius u. Because M < n, we have

d <logy(M/4) < ¢ —2, and so u+d < u+ ¢ — 1. Furthermore, u > ¢ > d. We can
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consequently invoke [Lemma 4.7|to deduce N,_4(tS) > (MZ;fld)Z) [t7'RN P|. Since R is

a set of density oy in Ry, ,_;, it follows E,[|t 'R N P[] = dp|P|, and so

(M — 292
9d+1

(M —2)
9d-+1

Sar (M — 24)?

2
E,lt RN P| >
t“t N H - Ad 5

E¢[Noy_q(tS)] > EJ[[t 'RNP|] =

where the last inequality follows by [Proposition 2.3|

]

We are now finally ready to prove the expected max-load bound for H? from

[Corollary 4.3 which is equivalent to Toeplitz hashing.

Theorem 4.10. Let v > 2¢ > 1 be integers, n == 2¢. Let S C Ryyo—1 be a set of 2!

polynomials of degree < u. Forr ~ Ryi¢_1, define H, : Ryiy_1 — Fa[z]<* by the map

H,(p) = rpdiv 2"

We have E,[M(S, H,)] = O((nlogn)'/3).

Proof. Let 29 := ged(r, z%T*1). Notice that Pr[g = d] = 271 and so Pr[g > (] <

> st 2@+ = 1/n. Conditioning on g = d for some d < ¢, we see that r = %'

where ' ~ R, , ;. We can then write

u+€—1) 1

rp  (mod x div 2%~

= z%'p (mod 2" div 2"

u+€—d—1) d—l.

=r'p (mod x div 2"~

Hence, if for each 0 < d < ¢ and ' ~ R, , | we defined HY : Rypg 1 — Folx]<t

by the map H%(p) == r'p div 2“7, we see that (H,(p)|lg = d) ~ H%(p). Therefore,
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if we let C' be the implied constant from [I'heorem 4.8 we observe
ErnRypot [M(S, Hy)] = Ervg, ., [M(S, Hy)|g > (] - Pr[g > {]

/-1
+ ZETNRu+z_1[M<S= H,)|g = d] Prlg = d|
d=0

{—1
1 d —(d+1)
<ne— ;ET,NREHM[M(S, He)] -2
=0
/—1
<1+ C(nlogn)'/? Z 9~ (d+D)
d=0

<1+ C(nlogn)/?

where the penultimate inequality follows from the fact E[M (S, H%)] < C(nlogn)'/?
for each 0 < d < ¢ (note in this step we crucially used the fact that all polynomials in

S have degree < u, and that when d < ¢, u—d > u—{ > { to invoke[Theorem 4.8)). []

The proof of the main theorem now easily follows.

Proof of [Theorem 4.4 [Theorem 4.10| along with the equivalence from
gives the result. O
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Part 11

Locality

70



Chapter 5: Preliminaries

This chapter collects the notation, code definitions, and auxiliary facts used

throughout the chapters in Part II.

5.1 General Notation

Throughout Part II, log denotes the natural logarithm, and logarithms to base
2 are written explicitly as log,. Let N be the positive integers, let [n] == {1,...,n},
and let ([Z}) denote the collection of subsets of [n] of size exactly t. We write F for
an arbitrary finite field, Fy for the field of two elements, and {0,1} := {0,1}. Binary

strings and vectors over [Fy are identified in the standard way.

For a string x € ¥" and an index set I C [n], let z|; denote the restriction of

x to the indices in I. For a set X C X" let X|; = {z|;: z € X}. If 0 € &, define
supp(z) = {i € [n] : z; # 0}, Xcr={x € X :supp(z) C I'}.

For strings =,y € X", their absolute and relative Hamming distances are

Az, y)

Alz,y)=Ki€n]:m Ay}, dist(z,y) =
For a nonempty set Y C X", define

A(z,Y) == min A(z,y), dist(z,Y") :== mindist(x, y).

yey yey

For z,y € F", write (z,y) = > . z;y;. We say f(n) < poly(n) if a fixed
polynomial p satisfies f(n) < p(n) for all sufficiently large n, and define f(n) >
poly(n) and f(n) = poly(n) analogously. The notation polylogn means poly(logn).

All implicit polynomials are fixed with respect to the parameters under discussion.
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5.2 Codes

Definition 5.1 (Code). A code over an alphabet ¥ with dimension &, block length
n, and distance § is a subset C' C X" of size |X|* such that dist(c,C'\ {c}) > ¢ for
every ¢ € C. The ratio k/n is its rate. A family of codes is asymptotically good if its
rate and distance are bounded below by positive constants. If ¥ = {0, 1}, the code is

binary.

We use C : ¥*¥ — ¥" when emphasizing an encoding map and write C' =
im(C') for its codebook. When no ambiguity can arise, we freely identify the map

with its image, writing either z € C or C C X",

Remark 5.2. If C' C 3" has distance 0, w € X", and ¢ € C satisfies dist(w, ¢) < 6/2,

then ¢ is the unique closest codeword to w. Indeed, for every ¢ € C'\ {c},
dist(c’, w) > dist(c/, ¢) — dist(w, ¢) > dist(c, w).

Definition 5.3 (Systematic code). A code C' C X" is systematic if it has a bijective
encoding map C': X% — C such that C(m)| = m for every m € ZF.

Definition 5.4 (Linear code). A linear code over F is an injective F-linear map
C : F* — ", or equivalently its k-dimensional image C' = im(C') C F".

There is a generator matrix A € F™* such that C(b) = Ab for every b € F*¥,
and a parity-check matrix B € F"=%*" guch that € C if and only if Bz = 0"*. A
family of linear codes is explicit if a uniform efficient algorithm computes generator

matrices or parity-check matrices for the family.

Every linear code is systematic up to a permutation of its coordinates: apply
Gaussian elimination to its generator matrix and permute columns until the first &

columns form the identity matrix.

Definition 5.5 (Dual code). For a linear code C' C ", its dual code is

Ct:={yeF": (x,y) =0 for every z € C}.
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The following fact relates the dual of a restricted code to the dual of the

original code.

Fact 5.6. Let C C F™ be a linear code and let S C [n]. Then

(Cls)" = C&s:

where vectors in (C|g)t are identified with vectors in B supported on S.

Proof. A vector z € (C|g)t C F¥ satisfies
(x|g, 2) Z T2 for every z € C.
€S

Extending z by zero outside S gives a vector y € Cés, and every vector in Cés

restricts to such a z. O

Fact 5.7. Let C' : F* — F" be a linear code. For j € [n], let v; be the jth row of its
generator matriz, so C(b); = (v;,b). Let Q C [n], let z* = C(b*), and let v € F*.
Every x = C(b) satisfying x| = x*|g also satisfies (v,b) = (v, b*) if and only if

v € span({v; };eq)-

If v is not in this span, then for every o € F there is a message b € F* such that

C)|g = 2*|g and (v,b) = 0.

5.3 Local Decoding and Correction

Locally decodable codes and locally correctable codes recover a symbol of the

message or closest codeword, respectively, using few queries to a noisy word. Their
study has roots in program checking [BK95, [Lip90, BFLS91, [RS96], and they were
first formalized by Katz and Trevisan [KT00]; see Yekhanin’s survey [Yek12].

Definition 5.8 (Locally decodable code). A code C : ¥¥ — ¥" is a (¢, 6, ¢, s)-LDC

if there is a randomized decoder Dec such that:
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(1) for every oracle word y and index i € [k], Dec?(i) queries at most ¢ coordinates

of y;
(2) for every b € X% and i € [k], Pr[Dec®® (i) = b;] > ¢; and
(3) for every b € ¥* i € [k], and y € X" with A(y, C(b)) < dn,
Pr[Dec? (i) # b;] < s.

Definition 5.9 (Locally correctable code). A code C': ¥* — X" is a (g, 4, ¢, s)-LCC

if there is a randomized corrector Dec such that:

(1) for every oracle word y and index u € [n], Dec?(u) queries at most ¢ coordinates

of y;
(2) for every b € ¥* and u € [n], Pr[Dec®® (u) = C(b),] > ¢; and
(3) for every b € XF, u € [n], and y € X" with A(y, C(b)) < dn,

Pr[Dec?(u) # C(b),] < s.

We next define smooth decoders and correctors, which need only operate on

valid codewords but may not query any coordinate too frequently.

Definition 5.10 (Smooth decoder). An n-smooth g-query decoder for C : ¥* — 3"
is a randomized decoder Dec with perfect completeness such that, for every i € [k]
and j € [n],

Pr[Dec(i) queries j|] < nin
Definition 5.11 (Smooth corrector). An n-smooth g-query corrector for a code C' C
>" is a randomized corrector Dec with perfect completeness such that, for every
u, j € [n,

Pr[Dec(u) queries j] <

3|~
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Fact 5.12 (Smooth decoding implies local decoding). If a code has a q-query n-smooth
decoder or corrector, then it is a (q,nme,1,¢)-LDC or LCC, respectively.

Proof. We prove the decoder case; the corrector case is analogous. Let y satisfy
A(y,C(b)) < men and let S be the set of corrupted coordinates. Smoothness and a
union bound give

5]

Pr[Dec(i) queries S| < — <e.
n

Whenever no coordinate of S is queried, the decoder sees a view consistent with C'(b)

and outputs b; by perfect completeness. O

5.4 Relaxed Local Decoding and Correction

Relaxed locally decodable and correctable codes may detect corruption and
output L instead of returning an incorrect symbol. These notions are closely related to
probabilistically checkable proofs and originate with Ben-Sasson, Goldreich, Harsha,
Sudan, and Vadhan [BSGHT06]; relaxed local correction was introduced by Gur,
Ramnarayan, and Rothblum [GRR20].

Definition 5.13 (Relaxed locally decodable code). A code C' : ¥F — ¥" is a
(q,9,c,s)-RLDC if there is a randomized decoder Dec whose output lies in X U {L}
such that:

(1) for every y and i € [k], Dec?(i) queries at most ¢ coordinates;

(2) for every b € ¥* and i € [k], Pr[Dec®® (i) = b;] > ¢; and

(3) for every b € ¥F i € [k], and y € X" with A(y, C(b)) < don,
Pr[Dec?(i) ¢ {b;, L}] <s.

Definition 5.14 (Relaxed locally correctable code). A code C' : ¥F — 3" is a
(q,9, ¢, s)-RLCC if there is a randomized corrector Dec whose output lies in X U { L}
such that:
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(1) for every y and u € [n], Dec’(u) queries at most ¢ coordinates;
(2) for every b € ¥* and u € [n], Pr[Dec®® (u) = C(b),] > ¢; and
(3) for every b € X% u € [n], and y € X" with A(y, C(b)) < dn,

Pr[Dec?(u) ¢ {C(b)u, L}] < s.

When only a radius 6 and query complexity ¢ are specified for an RLDC or
RLCC, we use the shorthand (g, 9, 1,1/3): perfect completeness and soundness success
probability at least 2/3. Goldberg [Gol23a] shows that, for linear RLDCs and RLCCs,
this strong definition is essentially equivalent to allowing imperfect completeness and

imposing nonadaptivity. All relaxed correctors constructed in Part II are nonadaptive.

An RLCC implies an RLDC with the same radius and query complexity when
it is systematic, by correcting the coordinates containing the message. A general
RLCC can be made systematic with only a constant-factor loss in rate; see Appendix
B of [KM24c]. Moreover, an RLCC with correcting radius § must have distance
at least 0. Thus, an RLCC is asymptotically good when it has constant rate and

constant correcting radius.

For perfect-completeness RLDCs and RLCCs, we may assume a canonical

decoding rule.

Fact 5.15 (Canonical behavior of a local decoder). Let C' : {0,1}F — {0,1}" be a
(q,9,1,8)-RLDC with decoder Decy. There is a decoder Decy with the same parameters

such that, whenever it queries a set Q and observes z € {0,1}9, it behaves as follows:

(1) find x = C(b) such that x|g = z, and output L if none exists;

(2) otherwise, output b;.

If Decy is nonadaptive, then so is Decy. The analogous statement holds for RLCCs.
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Proof. Run Dec; until all its queries have been made, then apply the stated rule.
Perfect completeness guarantees that the local view determines the requested symbol
whenever it is consistent with a codeword. Relative to Dec;, the new decoder can only

replace an output symbol by L, so its relaxed soundness error cannot increase. [l

For linear codes, the canonical rule has a useful linear-algebraic form.

Fact 5.16. Let C : F* — F™ be a linear (¢, 6,1, s)-RLDC with canonical decoder Dec.
Suppose Dec queries Q C [n] and observes z € FQ. Then it:

(1) checks whether z € Clg, outputting L otherwise; and

(2) chooses coefficients {a;}tjeq € F such that 3 cqajx; = b; for every x = C(b)
and outpuls ..o Q2.

Membership in Item (1) can be checked by a homogeneous system Mz = 0 with at
most |Q| constraints. We call these the testing constraints and call the relation in

Item (2) the decoding constraint.

Proof. Ttem (1) is the canonical consistency check. For Item (2), let v; € F* be
the jth row of the generator matrix. Recovering b; from {z;};cq is equivalent to
e; € span({v;};eq), which must hold by perfect completeness. Finally, C|g is a
linear subspace, so membership is characterized by a system of homogeneous linear

equations. O

5.5 Locally Testable Codes

Locally testable codes have testing algorithms that estimate corruption while

making few queries.

Definition 5.17 (Locally testable code). A code C' C ¥" is a locally testable code
with testability x and query complexity ¢ if it has a randomized tester 7' that makes

at most ¢ queries and outputs either T or L such that:
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1. for every c € C, Pr[T°=T| =1; and

2. for every w € X",

Pr[T" = 1] > rdist(w, C).
We refer to T as a C-tester.

Dinur, Evra, Livne, Lubotzky, and Mozes [DEL™22] and Panteleev and
Kalachev [PK22] constructed the first locally testable codes with constant rate,
distance, and query complexity. The former construction gives explicit linear LTCs

with rate arbitrarily close to 1.

Theorem 5.18 ([DEL™22, Theorem 1.1 and Remark 5.3]). For every R =1—¢ €
(0,1), there are a prime power p = ©((1/¢)!°) and values

§ > Q(e?), K> Q(eP), g <0((1/)*)

such that, for every j € N, there is a binary linear LTC LTC; with rate at least R,
minimum distance at least §, testability at least k, query complexity at most q, and
block length

=)

n; ‘=

oo

We will use the following concrete instantiation. Setting ¢ = ©(1/log N) in
the construction above yields a family whose parameters are polynomial or inverse
polynomial in log N and whose consecutive block lengths differ by a polynomial factor

in log V.

Theorem 5.19 ([DEL722, Theorem 1.1, Lemma 5.1, and Remark 5.3]). For every
sufficiently large N € N, there is an explicit odd prime power p = @(loglo N) and an
infinite family of explicit binary linear locally testable codes {LTCy,LTCs,...} such
that every LTC; has:

e block length n; = O((p¥ — p?) log™ N);
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e rate 1 —1/(100log N);
e distance Q(1/log® N);
o testability Q(1/1log"® N); and
o query complexity O(log™ N).

Corollary (Corollary 6.8 restated). For every sufficiently large N € N, there are an
nteger
n € [Q(N/log® N), N]

and a family of LTCs {LTCy,...,LTC,,} such that:

o cvery LTC; is binary, linear, and explicit;

o cvery LTC; has rate R = 1 — eir¢c > 1 — O(1/log N), distance drc >
Q(1/1og® N), testability kirc > Q(1/log® N), and query complexity
qre < O(log® N);

e the block lengths satisfy ny < O(log™ N), n,, = n, and nj/n; = O(log™ N);

and

e m = O(log N/loglog N).

Proof. Let p and {LTC,LTC,, ...} be given by [Theorem 5.19, let m be the largest

integer such that n,, < N, and set n := n,,. The rate, distance, testability, and query

bounds follow immediately, and
n; < O(p*log® N) = O(log™ N).
For every 57 > 1,

. 3(j+1) _ o+l
i1 _ p Y _ 3y _ 30
" _@< T ) =0(p°) = O(log™ N).

79



Thus n < N < O(p’n), so n € [QAN/log® N), N]. Finally,

m—1
Nj1 _
N m> 7+ > Q1 SOle
>n _jl:[l p > Qlog® N,

which gives m = O(log N/loglog N). O

5.6 Soundness Amplification

We record the elementary amplification observation used later in Part II.

Observation 5.20 (Observation 7.11). Let C' : {0,1}¥ — {0,1}" be a (¢, 4, 1,¢)-

RLDC with a possibly adaptive decoder. For every integer t > 1, C'is a (qt, 9, 1,&")-
RLDC. The same statement holds for RLCCs.

Proof. Run the original decoder independently ¢ times. Output o € {0,1} if every
invocation outputs o, and output L otherwise. Perfect completeness is preserved,
and an incorrect symbol is returned only if all ¢ independent invocations return that

symbol, which occurs with probability at most &t. O

5.7 Linearity Testing

We recall the standard linearity test over Fs.

Fact 5.21 (Linearity Test [BLR93, BCH'95|). Let G : Fy — Fy be arbitrary, and
let dist(G, LIN) be its minimum relative Hamming distance from a linear function
F Ty — Fy. Then
Pr]F [G(z) + G(y) + G(x +y) = 0] < 1—dist(G,LIN).
z,y~Fy

Thus, if the test passes with probability at least 1 — e, then dist(G, LIN) < ¢.

We will also use self-correction of functions close to linear.
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Fact 5.22 (Self-correction of near-linear functions). Let G : F} — Fy be arbitrary

and let F : Fy — Fy be linear. For every x € FY,

yNP]PQH[G(x +y)+G(y) = F(z)] > 1 —2dist(F, G).
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Chapter 6: Relaxed Local Correctability from
Local Testing

6.1 Introduction

Locally correctable codes (LCCs) and locally decodable codes (LDCs) are error
correcting codes that allow any bit of the original codeword or message, respectively,
to be recovered using very few queries to a noisy codeword with bounded corrup-
tion. This is a natural and useful property, but unfortunately little is known about
the best possible parameter tradeoffs between the rate and query complexity. In the
asymptotically good (constant rate and distance) regime, Katz and Trevisan [KT00]
show that any LDC (and any linear LCC) with block length n must make Q(logn)
queries. However, the most query-efficient constant-rate LCCs and LDCs, constructed
by Kopparty, Meir, Ron-Zewi, and Saraf [KMRSI17], require 20(VIlogn) Whether the
true optimal query complexity is polylogarithmic or not is a longstanding open prob-
lem. A Reed—Muller code with appropriate parameters brings us tantalizingly close:
such a code is locally correctable with polylogarithmic query complexity, but with

slowly vanishing rate 1/n° (e.g. [Yek12l, Section 2.3]).

Ben-Sasson, Goldreich, Harsha, Sudan, and Vadhan [BSGHT06] and Gur,
Ramnarayan, and Rothblum [GRR20] introduced the notions of relazed locally de-
codable codes (RLDCs) and relazed locally correctable codes (RLCCs), respectively.
These codes admit local decoders or correctors that, upon receiving a word within
some radius of the code, will either decode/correct, or detect corruption in the in-
put by returning a rejection symbol L. This definition is motivated by the study of
probabilistically checkable proofs (PCPs). A major open question is to construct a
PCP with constant query complexity and linear proof length. PCPs naturally need
to recover information from only a few queries to the proof, and for this reason,
many known PCP constructions use LDCs or LCCs under the hood. However, an

LDC decoder must always successfully decode, while a PCP verifier can reject if it
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notices any errors while trying to decode from a purported proof. An RLDC is pre-
cisely a weakened LDC with this ability to reject, and so one can imagine RLDCs
or RLCCs potentially giving improved PCPs (although relaxed local decodability or

correctability alone does not suffice; see |Remark 6.14)).

In contrast with LDCs and LCCs, we know much more about what the opti-
mal RLDC and RLCC parameters should be. For asymptotically good RLDCs and
RLCCsﬂ in particular, the gap between lower and upper bounds is smaller but still
significant: the best lower bound is Q(y/Togn) due to Gur and Lachish [GL.21], while
the best upper bound, due to Cohen and Yankovitz [CY22], is (logn)OUosloglogn)
In this chapter, we improve the upper bound by constructing asymptotically good

RLCCs with polylogarithmic query complexity.

Theorem (informal, see |Corollary 6.12)). For infinitely many positive n and any

constant R € (0,1), there exist explicit binary linear RLCCs (and thus RLDCs) of

block length n, rate R, constant correcting (or decoding) radius, and query complezity

O(log® n).

We make no effort to optimize the exponent, instead striving for a simpler ex-
position. The related and well-studied notion of locally testable codes (LTCs), where
errors can be detected with few queries, proves to be key: we can build a relaxed lo-
cally correctable code from any family of high-rate linear locally testable codes. Then,
by leveraging the LTCs of Dinur, Evra, Livne, Lubotzky, and Mozes [DEL"22|, we
construct explicit RLCCs with constant rate, constant distance, and polylogarithmic
query complexity. We also get nonexplicit RLCCs with polylogarithmic query com-
plexity that approach the Gilbert—Varshamov bound, which is the best known gen-
eral tradeoff between rate and distance for which binary codes exist. The last known

RLCCs to approach the Gilbert—Varshamov bound are LCCs by Gopi, Kopparty,

IThe lower bounds are for RLDCs, and RLCCs can be transformed into (and are “stronger”
than) RLDCs; see Appendix B of [KM24¢]
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Oliveira, Ron-Zewi, and Saraf [GKOT18| which require polynomially many (i.e., n®)
queries. They construct both LTCs and LCCs approaching the Gilbert—Varshamov
bound, and their former result works for any high-rate LTC, yielding codes that we
utilize in [Corollary 6.13|F]

6.1.1 Techniques

To construct an asymptotically good RLCC with an arbitrarily large block
length n, we start with a code with extremely small block length (say, polylogarith-
mic in n). Such a code is trivially an RLCC with polylogarithmic query complexity,
because it has a corrector which reads all polylogn symbols of the input. Then, we
apply a transformation that uses this small RLCC to build an RLCC with slightly
larger block length. We can repeat this transformation, building RLCCs with suc-
cessively larger block length, until we reach our target block length n. At each of
these steps, we need to maintain the distance and correcting radius of our code while
minimizing the gain in query complexity and loss in rate, so that the final code will be
asymptotically good. Indeed, such an approach has been used to construct asymp-
totically good LTCs and LCCs [Mei08, [KMRS17|, and is the basis for both prior
asymptotically good RLCC constructions [GRR20, [CY22].

6.1.1.1 Prior constructions

Gur, Ramnarayan, and Rothblum [GRR20] use the tensor product in this
framework to construct RLCCs. Starting from a RLCC with tiny block length, they
build successively larger RLCCs by taking the tensor product of the code with itself.
If C' C F™ is a linear code, then the tensor product code C'® C' C F"*" can be viewed
as the set of matrices where every row and every column is a codeword of C. They

show that if C'is an RLCC, C®C'is also an RLCC because it has a local corrector that

2In contrast, their LCC construction uses additional properties satisfied by Reed-Solomon and
Reed—Muller codes, so their transformation would not immediately improve the rate-distance tradeoff
of arbitrary high-rate LCCs or RLCCs.
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calls the corrector for C' as a subroutine on relevant overlapping rows and columns of
the input; the corrector for C' ® C' recurses on the smaller code’s corrector polylogn
times. The tensor product step squares the block length each time, so O(loglogn)
iterations are required to construct an RLCC with block length n. Each tensor
product also squares the distance and correcting radius of the code, so a distance
amplification step is needed to maintain the initial distance. Each iteration of tensor
product and distance amplification adds a polylogn factor to the query complexity,

so after O(loglogn) iterations the total queries required is (logn)@Uosloen)

Each tensor product step incurs a polylogn factor in the query complexity
because of its rate deterioration. If C' has rate R = 1 — ¢, then C' ® C' has rate
R? ~ 1 — 2¢; the loss in rate has doubled after one iteration, so this loss will grow
exponentially in the number of iterations. Therefore, for the final RLCC to have
constant rate after ©(loglogn) tensoring steps, the initial RLCC must have high rate,
at least 1 —1/logn, which limits the distance of the initial RLCC. This initial distance
causes the polylogn multiplicative overhead in query complexity, because at each
iteration, the number of recursive calls to the previous code’s corrector is polynomial
in the reciprocal of its distance[f| To address this, Cohen and Yankovitz [CY22] give
an alternative to tensoring called row-evasive squaring, which incurs an additive loss
in rate rather than a multiplicative one. The starting code can now have lower rate,
like 1 — 1/loglogn, and thus higher distance, which improves the query overhead per
iteration (which is still a multiplicative factor) to poly(loglogmn). This yields a total

query complexity of (loglogn)CUeglosn) — (Jogn)Oogloglogn),

6.1.1.2 Our construction

To build asymptotically good RLCCs with polylogn query complexity, we
develop a new operation for boosting the block length of an RLCC. In contrast to

3While the distance of this intermediate code could be amplified to a constant in order to reduce
the number of recursive calls needed in the current iteration, over many iterations this additional
distance amplification would bring the rate to zero.
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tensoring and row-evasive squaring, our operation augments the block length of an
RLCC by a very modest polylog n factor, but incurs only an additive cost in both rate
and query complexity. In addition, our operation preserves the distance and correcting
radius, so no extra distance amplification step is needed. Each step of our operation
solely requires polylogn additional queries, so although we need more iterations (up
to m = O(logn) times to reach block length n) than the tensoring or row-evasive

squaring approaches, our final query complexity will be m - polylogn = polylogn.

Intuitively, tensoring and row-evasive squaring are operations that work by
intertwining the structure of many copies of a smaller RLCC, so that the local cor-
rector of the smaller RLCC can be used to cross-check overlapping portions of the
input against each other. This necessitates multiple recursive calls to a smaller code’s
corrector at each step of the construction, which causes the final query complexity to
grow exponentially in the number of iterations. Instead of cross-checking smaller RL-
CCs, our boosting operation enlists the outside help of a locally testable code to add
structure. We will use the LTC’s self-contained testing algorithm to ensure that it is
safe to recurse on the smaller RLCC’s corrector exactly once. This “tail recursion”
is why our total query complexity grows linearly in the number of iterations, rather

than exponentially.

Our boosting step is called nesting. Say we have an RLCC C' C X" with
correcting radius ¢ and a locally testable code LTC C XV with distance 2§ where (for
simplicity here) n divides N. Then, the code formed by nesting C' in LTC is defined
to be the intersection of LTC with the N/n-fold Cartesian product of C' with itself:

LTCAC = LTC oM™,

In other words, each codeword in LTC m C' is the concatenation of N/n codewords
c1, -+ ,cnym € Csuch that (cq, ..., cn/,) € LTC. We claim that this code is an RLCC
with correcting radius 0. That is, this code has a local algorithm that, given any

input w that satisfies dist(w, LTCm C) < 4§, either corrects or detects corruption.
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To see why, suppose w € ¥V is very close to the nearest codeword ¢ € LTCAC,
i.e., dist(w,LTCm C) < on/N. Then we can hope to correct any index of w by
resorting to the local corrector of C'. To correct w;, we consider the unique interval
I = {kn+1,...,kn + n} containing 7. We know by construction that c|; is a
codeword of C'. Furthermore, we know that w differs from ¢ in at most dn indices, so
dist(w|r, ¢|;) < 6 which is within the correcting radius of C'. Hence, we can “zoom-in”

and use the corrector for C' to correct any symbol of w|;, including w;.

Otherwise, if on/N < dist(w,LTC @ C') < §, we can hope to detect (rather
than correct) corruption using the local tester of LTC. A locally testable code, by
definition, has a local testing algorithm 7' that rejects its input w with probability
proportional to dist(w, LTC).E] Because LTCm C C LTC and LTC has distance 26,
we know that dist(w,LTC) = dist(w, LTCMC) > én/N, and so T will reject w with
probability (dn/N). Thus, O(N/dn) repetitions (hiding some minor factors) of the

local tester suffice to detect corruption with constant probability.

Therefore, by combining the corrector for C' and tester for LTC, we can handle
both cases. Run both the corrector and the tester; if the tester finds corruption, we
can return the reject symbol L, and otherwise we are likely in the small distance case
and can return the output of the corrector. This shows that LTC m C' is an RLCC
which inherits the larger block length of LTC while requiring only roughly O(N/dn)

more queries than C'.

Furthermore, we can show that nesting does not destroy the rate. If LTC and
C' are linear, and if LTC has rate 1 — g.7¢c while C' has rate 1 — ¢, then by counting
the number of linear constraints, LTC m C' has rate at least 1 — & — e 1¢. If we hope
to repeatedly apply nesting with larger and larger LTCs (block length growing by a
small factor) to build an RLCC with arbitrarily large block length n, then we will

4Here, for simplicity, we pretend that the proportionality between the rejection probability and
distance is constant. In reality, it will be closely related to the other parameters of the LTC, and
contributes a polylogarithmic factor to the query complexity of our construction.
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need to apply nesting m = O(logn) times. Assuming that all of the LTCs have rate
1 — ertc, the RLCC will have rate of 1 — O(logn) - e.rc which we need to be §2(1)
in order to be asymptotically good. This forces us to use LTCs with rate at least

1 —0(1/logn).

Fortunately, we can use the construction of Dinur, Evra, Livne, Lubotzky,
and Mozes [DEL™22] to get the high-rate linear LTCs we need. For any sufficiently
large choice of n, there is an infinite sequence of explicit LTCs with rate at least
1 — O(1/logn) and with appropriate local testing parameters so that the additive
query overhead of each nesting step is polylog n as desired. By iteratively nesting these
LTCs, we can build an RLCC of block length n with constant rate and polylogarithmic

query complexity.

One may notice that since the LTCs have rate 1 — o(1), they must also have
o(1) distance, because of the Singleton bound which states that the sum of a code’s
rate and distance cannot exceed 1. The correcting radius of our RLCC thus will also
be o(1), and so our code is not yet asymptotically good. This is remedied by nesting
in one last LTC with constant rate and distance. This boosts the correcting radius
to be constant, and the rate of this last LTC dominates the rate of the final RLCC,
which at last is asymptotically good.

6.1.2 Related work

6.1.2.1 Prior constructions and lower bounds

The two main parameter regimes for RLDCs and RLCCs are the constant
query regime (optimizing block length given the dimension k£ and query complexity
q) and the asymptotically good regime (optimizing query complexity when k/n =
©(1) and § = O(1)). In the constant-query regime, the best known block length
is n = O(k'T0W/d) [AS21], following a line of work [BSGHT06, [GRR20, [CGS22].
Interestingly, this matches (up to a constant factor in ¢) the block length lower bound

for full-fledged LDCs [KT00), Woo07].
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summarizes the historic state of the art query complexity for asymp-
totically good RLCCs. This table does not include Gopi, Kopparty, Oliveira, Ron-
Zewi, and Saraf |[GKO™18] who optimize rate (approaching the Gilbert—Varshamov

bound) instead of queries.

Gur and Lachish [GL21] establish lower bounds for RLDCs, including a
Q(\/@) query lower bound for asymptotically good RLDCs with nonadaptivity.
Dall’Agnol, Gur, and Lachish [DGL21] extend the lower bound to adaptive decoders,
and Goldreich [Gol23b] provides an alternative and simpler proof, which in some
cases is stronger. Block, Blocki, Cheng, Grigorescu, Li, Zheng, and Zhu [BBCT23|
prove an exponential block length lower bound for 2-query RLDCs, asymptotically
matching the exponential block length lower bound for 2-query LDCs established by

Kerenidis and de Wolf [KW03].

6.1.2.2 Alternative error models

LDCs, LCCs, and their relaxed counterparts have been studied in other error
models, distinct from the Hamming worst-case error setting studied in this chapter.
These codes have been studied in the insertion-deletion error model, where a limited
number of symbols can be added or removed (rather than simply flipped) anywhere

in the codeword [OP15, BBG™20, [CL.Z20, BBC*23]. In addition, both the Hamming

Table 6.1: Best known query complexity for good RLCCs with block length n.

Technique Query complexity Due to
low-degree polynomials ne [BELS91, RS96]
multiplicity codes ne [KSY14]
lifted Reed—Solomon codes ne [GKS13]
expander graphs ne [HOWT15]
distance amplification 20(VIogn) [KMRS17]
repeated tensoring (log n)@Ueslogn) [GRR20]
row-evasive squaring (log n)CUegloglogn) [CY22]
nested LTCs log®M n this work

89



and insertion-deletion models have been studied in the computationally bounded
setting, where the adversary choosing the location of bit flips or insertions/deletions
has limited resources. Then, cryptographic assumptions can be used to construct
LDCs and LCCs [OPS07, [HO08, HOSW11l, BKZ20|, BB21l, [ABB22] as well as their
relaxed counterparts [BGGZ21| [BB23].

In particular, the latter two works use these assumptions to (among other
results) construct asymptotically good RLDCs and RLCCs in the computationally
bounded Hamming model with polylogarithmic queries. We achieve this in the general

setting.

6.1.2.3 Subsequent work

Soon after we posted the preprint for this work, Cohen and Yankovitz [CY23]
improved our technique and lowered the query complexity for asymptotically good
RLCCs from our log® n to (logn)?*°M). They observe that the nesting operation can
boost an RLCC using a code that is locally testable only on inputs with bounded
corruption, rather than a full-fledged locally testable code which must work on all
inputs. Thus, they can use a family of expander codes, which satisfy this weaker

property, to simplify the RLCC construction and improve the query complexity.

6.2 Construction
6.2.1 Boosting RLCC block length

The building block of our construction is the nesting operation M which com-

bines two codes.

Definition 6.1. Let C; C ¥V and Cy; C X" with n < N. Define
Cl m CQ = Cl N (CQI'N/HJ X EN—I_N/nj~n) N (ZN_n X CQ)
We say that C7 m C is the code formed by nesting Cy in Cf.
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2 2} k——ec ) —
01@0232 M — {W //// A}
{] | |} k-€ Cow-¢€ Cy

02 X 02
N/n

(a) When n divides N, the nesting operation intersects C with the Cartesian product C,
Then, C; M Cq is a subset of C; and every ¢ € [N] is in some length-n interval I such that
restricting C1 MCs to I gives a subset of C5. In this example with N = 2n, every ¢ € C1MCs
is a codeword of C and the two halves of ¢ are codewords of Cs.

K K& M

amCy = | P70 77077
Kk-€ Cy€ Oy K-€ Co—H
K- € CQ—H

(b) When n does not divide N, the nesting operation intersects C7 with length-padded

C’QLN/ ] (so that intersection is well-defined) and then adds constraints so that the length-n
suffix is in C. This maintains the same properties as above: C1mCy C C1 and every i € [N]
is in some length-n interval I such that (C1 m Cq)|r C Co.

Figure 6.1: Two cases of nesting.
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That is, C; M C5 is the subset of codewords ¢ in C; such that c|g,. ny € Co,
C|{n+1,...2ny € C2, and so on. If n does not divide N, then we also require the last n
symbols of ¢ to form a codeword in Cs, i.e., c[{y_nt1,..n} € Co. Because Cy mCs is a
subset of (', it must have distance at least that of C';. In addition, when both codes
are linear, we can bound the rate of C; mC5. Nesting C5 in ' incurs an additive loss

in rate:

Lemma 6.2. Let n < N. Let C; C XV be a linear code with rate 1 — 1, and let
Cy C X" be a linear code with rate 1 — e5. Then, Cy M Cy € XV is a linear code with

e (e [

Proof. Using the rank-nullity theorem, the total number of linear constraints defining

01@02 is
N N
<elN +eéemn- {—-‘ = (61—1-2' {——‘ '52)'N
n N |n

which then implies that the rate of C; m (s is

SRNCREI

Remark 6.3. If n divides N, then C1'mCy = C1 N C’év/n, with rate at least 1 — e — 9.
When n does not divide N, the rate of C; m Cy is at least 1 — &1 — (1 +n/N)es.

rate at least

Next, we prove that nesting preserves relaxed local correctability when per-

formed with an LTC. Using this, we can lift a smaller RLCC to a larger block length.

Lemma 6.4. Let LTC C X™7¢ be an LTC with query complexity qitc, distance 6 7c,
and testability kitc. Let C' C X" be an RLCC with query complexity q and correcting
radius 0 where n < nyrc. Then, LTC® C C X™ ¢ is an RLCC with correcting radius
dtc/2 and query complezity
n
q+O(QLTC LTC).

dkLTCN
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Proof. Given the LTC-tester T" and the C-corrector M¢, we can give a corrector M™(7)
for LTCm C":

1. Let I be an interval of [nitc] of size n, defined as follows:
I {[i/n] - n—(—=1),....[i/n]-n} ifi<ngc—n
{TLLTc—(TL—l),...,TLLTc} if ¢ ZnLTC_n~

In particular, I is a sub-interval that contains i and satisfies c[; € C for all

Vee LTCm C.
2. Run Mé”"(z’*), where ¢* := i 4+ 1 — min /. We choose i* such that (w|); = w;.
3. For t .= O(nitc/dkLTCcn) iterations, run TY.

4. Output L if any run of the LTC-tester in step 3 returns L; otherwise output
the result of step 2.

The query complexity of step 2 is ¢, while the query complexity of step 3 is q.1c -
O(nitc/dkiTen).

Next, we can show that M satisfies the perfect completeness condition of the
RLCC definition. Since w € LTCm C' C LTC, every repetition of the LTC-tester in
step 3 will return T (accept), so for all ¢, M™ (i) will return the result of step 2. By
definition, if w € LTC M C, then w|; € C. Therefore, the C-corrector in step 2 will

return (w|y); = w; with certainty, and so will M* (i), as needed.

Finally, we show soundness. Let 0 < dist(w,LTCm C) < d1¢/2, and let
c € LTCm C be the unique closest codeword to w. Note that ¢ € LTC and ¢|; € C.
Then, for all 7, we need to show Pr[M* (i) € {¢;, L}] > 2/3.

e First, assume dist(w, ¢) = dist(w, LTC @M C) > én/2nirc. Because dist(w,c) <
ditc/2, ¢ is the unique codeword in LTC which is closest to w by [Remark 5.2|

93



Hence, one run of T% will return | with probability at least kitcdn/2nitc.

Therefore, step 3 returns L with probability

Skiren\’ toKkLTCN
21—(1— LTC) 21—exp(— LTc)zz/?),
2n1Te 2niTc

for our choice of t. Thus, Vi. Pr[M" (i) = L] > 2/3 which satisfies soundness.

e Now assume dist(w,c) < on/2nirc. From here we can bound the distance
between the substrings w|; and ¢|;; the distance of the substrings is maximized if
all of the symbols that differ between w and c lie in the interval /. Consequently,

dist(wlr, c|;r) < §/2, and ¢|; is the unique codeword in C' closest to w|; (see
Remark 5.2)).

Applying the soundness condition of the C-corrector,
Pr(Mg" (i) € {(c|n)i, 1}] > 2/3.
.

M™ (i) will return either the output of Mg "(i*), or L if some iteration of step

3 rejects. Hence,

Pr[M®(i) € {c;, L} > Pr[MZ" () € {c;, L}] > 2/3.

This shows that the soundness condition is satisfied in all cases. O

Remark 6.5. This proof can be modified to show the nested RLCC has correcting

radius (1 — €)d.rc and query complexity

n
q+OE<QLTC LTC).

dKLTCN

Even if there are multiple codewords ¢ with dist(w, ) < (1 — €)d.1¢c, none can have
distance less than €j rc by the triangle inequality. Hence, repetitions of the tester

will still detect corruptions.
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4 eLTC, >
k——-c I_Tan—l W S I_Tszfl —
K-€LTC o€ LTC, o€ LTC,, o€ LTC,,_o ¥

LTCpo @ (LTCppey @ (LTCpa @ (+-+))) = { ' ' ' ' }

Figure 6.2: Iterated nesting produces a code with a recursive tree structure. In
this example, successive block lengths double, producing a binary tree. The whole
codeword is in LTC,,, both halves of the codeword are in LTC,,_;, all four quarters
of the codeword are in LTC,,_5, and so on.

In summary, nesting an RLCC in an LTC yields a code which inherits the
best properties of both: the resulting code inherits distance and block length from the
larger LT'C, as well as the relaxed local correctability of the smaller RLCC. Therefore,
we can build an RLCC with arbitrarily large block length by iteratively nesting the
code in a series of LTCs with larger and larger block length.

Proposition 6.6. Let LTCy,... LTC,, be a sequence of linear LTCs over a finite field
alphabet F with block lengths ny, ..., n.,, which satisfy the following properties:

o n; <njy forallj,
o cvery LTC; has rate at least 1 — eirc and distance at least dirc, and

o cvery LTC; has a local tester with query complexity at most qirc and testability

at least KiTc.

Then, C == LTC,,m(LTC,,_1m... (LTComLTCy)...) is a linear RLCC which satisfies
the following properties:

e alphabet F and block length n,,,

e rate at least

1—€LTc<1+§:ﬁngA_l{ i —‘>7
i

Nni_
=2 j'=2 31
e correcting radius at least 6tc/2, and
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o query complexity at most

o).

5LTc/iLTchg 1

Remark 6.7. If n; divides n;y; for all j, then the rate lower bound simplifies to
1 — mertc. Even when n; does not divide n;,;, with appropriate parameter choices
we can still simplify the rate to 1 — O(metc). Therefore, we can view each nesting
step as reducing the rate of C' by O(eLtc¢), so that each step incurs an additive (rather

than multiplicative) cost in both rate and query complexity.

Proof. The alphabet and block length of C follows from the definition of nesting.
Next, we show the rate. Let LTC; @ --- (LTCo m LTCy) have rate 1 — ;. We know
g1 < eL7c by definition, and tells us that for j > 2,

nj—1 n;
g; < ére+ “Ej_1.
n; nj—1

Hence by induction, ¢, is upper bounded by the series
nir_q T ;0
em < eite- |1 4|
< eutc ( +ZH {n/—;‘)’
j=2 j'=2 J
which gives the desired lower bound on the rate of C'.

Finally, we show that C' is an RLCC. LTC; can be viewed as an RLCC with
correcting radius di1¢c/2 because it has a trivial correcting algorithm that reads the
entire input and checks whether it is in LTCy. This corrector has query complexity
ni1. Then by applying [Lemma 6.4] LTC, @ LTC; has a corrector with correcting radius
ditc/2 and query complexity

§n1+0( qLTcne )
dLTCKLTCT
By applying this lemma m — 2 more times with LTCs,...,LTC,,, we can conclude
that there is a C-corrector with correcting radius d;tc/2 and total query complexity

o So(en .

5|_Tc/<&|_Tcn] 1
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6.2.2 Instantiating the nesting framework

We now have all of the tools we need to construct asymptotically good RLCCs,
as long as we pick a suitable sequence of LTCs. If the block length of each successive
LTC grows by at least a constant factor, then m < O(logn). Thus, using
as guidance, we need a family of explicit LTCs with rate at least 1 — O(1/logn) in

order for [Proposition 6.6| to yield an RLCC with constant rate. This means these

LTCs will have subconstant distance (which we will patch later) due to the Singleton

bound. We will use the following instantiation of [Theorem 5.18

Corollary 6.8 (|[DELT22|, see|Section 5.5)). For every sufficiently large N € N, there
exists an integer n € [Q(N/log™ N), N] and a family of LTCs {LTCy,...,LTC,,} such
that
o Fach LTC; is binary, linear, and explicit.
e Fach LTC; has:
—rate R=1—¢c1¢c > 1—0(1/log N),

— distance dyrc > Q(1/log® N),

testability kite > Q(1/log™® N), and

— query complexity qirc < O(log™ N).

e Each LTC; has block length n;, such that n; < O(log® N), n,, = n, and
VJ nj+1/nj = @(log30 N) .
e The number of codes is m = O(log N /loglog N).
Remark 6.9. In this concrete family of LTCs, the block length of each successive LTC
increases by a polylogarithmic factor, instead of the constant factor we previously

imagined using. Thus, m = O(logn/loglogn) = o(logn). The n;/n;_y = polylogn

factor also appears in the query complexity, which is acceptable. One could choose
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the LTC rate to be 1 — O(loglogn/logn) instead in order to marginally improve
parameters such as d.tc, Kitc, and g ¢ which appear in the query complexity, while

worsening the rate.

With this family of LTCs, we can construct high rate RLCCs with polyloga-

rithmic query complexity, albeit with subconstant correcting radius.

Theorem 6.10. For sufficiently large N € N, there is an explicit binary linear RLCC
with block length n € [Q(N/log™ N), N], rate 1 — O(1/loglog N), correcting radius
Q(1/1og® N), and query complexity O(log® N /loglog N).

Proof. We can use the parameter N with to get a family of LTCs to
plug into [Proposition 6.6, Formally, our code is C' == LTC,, M (LTC,,,.1m ... (LTCom

LTC,)...), with {LTC;};cpm having parameters as defined in [Corollary 6.8 We find
that by [Proposition 6.6, our code C' has block length n € [Q(N/log® N), N] and rate

(B )

£t
)

n;

> 1—€LTCZ 1+ 1/10g30N))j !

7=1
>1—¢ercm:- exp(O(m/log30 N))

=1- (1 + 0(1))m6L-|-c

1
=1-0(————= ).
O(loglogN)

In addition, [Proposition 6.6|tells us C' is an RLCC with radius d.t¢/2 = Q(1/log® N)
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and query complexity

<n1—|—ZO( qLTcn; )

OLTChLTCN—1

S 0(10g50 N) + ZO (10g20+30+3+15 N)

=2
69

C'is an RLCC with the desired rate and query complexity, but it is not yet

asymptotically good since its correcting radius is determined by the distance of the

LTC family from |Corollary 6.8 This distance is subconstant since all of the LTCs

must have rate 1 — O(1/m). Thankfully, we can boost the correcting radius of our

RLCC with one final nesting step using an LTC with constant distance and rate. The

increase in query complexity is negligible, and the rate of the last LTC dominates the

rate of the resulting RLCC.

Corollary 6.11. Let LTC be a binary linear LTC with sufficiently large block length
N, and with rate R, distance d,1c, testability k, and query complezity q. Then, there
exists a binary linear RLCC C with block length N, rate R—O(1/loglog N), correcting
radius d.1c/2, and query complexity
69
O(% log® N + li)ogngg]j\f)'
C' is explicit if and only if LTC is explicit.

Proof. We pick sufficiently large NV such that we can use [Theorem 6.10]to craft RLCC
C" with block length n € [Q(N/log® N), N], rate 1—0O(1/loglog N), correcting radius
§ = Q(1/log® N), and query complexity O(log® N/loglog N). We now construct

C=LTCm(C".

By construction, C' is explicit and has block length N. By (in particu-
lar, [Remark 6.3) on LTC and C’, the overall rate of C is at least R — (1 +n/N) -

99



O(1/loglog N) = R — O(1/loglog N). Applying to LTC and C’, the cor-
recting radius of C' is at least d;tc/2 and the query complexity of C' is

N 1 69 1 69
oL ) o2 <0 g-log33N+ﬂ
OKn log logn K log logn

This corollary states that for any binary linear LTC, there is a binary linear
RLCC with nearly the same rate and distance, and with the same (up to polyloga-
rithmic factors) query complexity, and so all that remains is to pick an LTC achieving

the desired rate-distance tradeoff.

6.3 Final construction

Our main results follow from choosing an appropriate LTC for |Corollary 6.11}

First, we choose an explicit LTC in order to get an explicit RLCC, which for e = Q(1)
is asymptotically good.

Corollary 6.12 (Explicit RLCCs). For any rate R = 1 —¢ € (0,1) and for in-
finitely many n, there is an explicit binary linear RLCC with block length n, rate
R — O(1/loglogn), correcting radius (%), and query complexity

log® n
ol (17613 16033 08 ")
<< /€ log™n + loglogn

Proof. We can instantiate (Corollary 6.11| using the LTCs of [T'heorem 5.18|. n

Next, we can optimize the rate-distance tradeoff by utilizing an appropriate
nonexplicit LTC. Let H(-) be the binary entropy function. The Gilbert-Varshamov
bound shows a random binary code of rate R will have distance §, where R+ H(0) =
1 — o(1). This is the best rate-distance tradeoff known to be attainable by binary
codes. We show that we can get arbitrarily close to this tradeoff, even if we need

relaxed local correctability.
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Corollary 6.13 (Gilbert—Varshamov bound RLCCs). For any R,d,e € (0,1) such
that
R+ H@O)=1—¢

and for infinitely many n, there exists a nonexplicit binary linear RLCC with block
length n, rate R — O(1/loglogn), and distance at least §, with correcting radius §/2
and query complexity

log® n
ly(1/¢) - log™ — .
poly(1/¢) - log n+0(10glogn)

Proof. Dinur, Evra, Livne, Lubotzky, and Mozes [DEL™22| construct explicit LTCs
with rate arbitrarily close to 1, which implies the existence of infinitely many nonex-
plicit LT'Cs that approach the Gilbert—Varshamov bound (using ideas from [KMRS17,
GKOT18|; see [DELT22, Corollary 1.2]). These LTCs can have any rate R and dis-
tance ¢ such that R + H(0) = 1 — ¢, in which case the testability is k > poly(e)
and the query complexity is qirc < poly(1/¢). We can plug these parameters into
[Corollary 6.11|to yield RLCCs. Because the rate of the RLCC approaches the rate of
the LTC, and the distance of the RLCC is at least the distance of the LTC, we can
say that the RLCC also approaches the Gilbert—Varshamov bound. O

Remark 6.14. While we used locally testable codes throughout our construction, our
RLCCs are not necessarily locally testable. The codes we construct are subsets of
LTCs (some codewords are deleted at each nesting step as we amass additional con-
straints), and we do not know whether we can locally distinguish codewords that are
retained from those that are removed. Because the LTC soundness property must hold
for all inputs (unlike RLCC soundness which promises that the input has bounded
distance from the code), this distinguishing ability seems necessary to showing that
our RLCCs are also LTCs. This is important because both properties hand-in-hand
are morally necessary (but not sufficient) to construct a PCP (as mentioned in
tion 6.1)): local testability checks that the input lies within the correcting radius of

some valid proof, so that we can use relaxed local correctability to extract information
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from the input. The best known asymptotically good RLCCs which are also LTCs
are the codes constructed by Gur, Ramnarayan, and Rothblum [GRR20].
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Chapter 7: Relaxed vs. Full Local Decodability
with Few Queries: Equivalence and Separations for
Linear Codes

7.1 Introduction

A binary locally decodable code (LDC) C: {0,1}* — {0,1}" is an error-
correcting code that admits a local decoding algorithm with the following guar-
antee: when given access to a corrupted codeword y obtained by corrupting z =
C'(b) in a constant fraction of coordinates, the local decoder is able to recover any
bit b; of the chosen message b with good probability while only reading a small
(say, constant) number of bits from y. Although they were first formally defined
in [KTO00], locally decodable codes were implicitly used in the proof of the PCP
theorem [ALM™98| [AS9§], and have since found numerous applications to, e.g., pri-
vate information retrieval, hardness amplification, probabilistically checkable proofs,
self-correction, fault-tolerant circuits and data structures (e.g., [BFLS91, [LFKN92,
BLR93|, BK95, [CKGS98|, TK99, BIW10, (CGW13|, ALRWI7]). We refer the reader to
the surveys of [Tre04] Dvil2] Yek12] for more details.

The central question in the study of LDCs is to understand the length n of
the best locally decodable code that can tolerate a small constant fraction of errors
as a function of k, the length of the message, and ¢, the number of queries of the
decoder. Following [KT00], there has been a long line of work on both constructing
and proving lower bounds for locally decodable codes, with a particular focus on the

constant query regime (i.e., ¢ = O(1)).

A simple observation (see [KT00, Section 3.2]) shows that it is not possible
to construct 1-query locally decodable codes. For ¢ = 2, the Hadamard code gives
a 2-LDC of blocklength n = 2F, and this is optimal up to constant factors in the
exponent: the works of [KW03|, [GKST06] show that n > 2%%*) for any 2-LDC. More
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generally, the Reed—Muller code — a generalization of the Hadamard code (which are
evaluations of linear functions) to polynomials of larger degree — gives a construction
of a ¢-LDC of length n = 20*"“"")  However, for ¢ > 3, this can be improved: the
matching vector codes of [Yek08|, [Efr09, DGY11] give constructions of ¢-LDCs of
subexponential, but still superpolynomial, blocklength n = 2k for any constant
q > 3E] But, unlike the case of ¢ = 2, we are far from understanding whether
these codes are optimal or not: our best lower bound is a polynomial lower bound of

n > Q(k9@=2) for any ¢ > 3 [KW03, AGKM23, HKM*24, BHKL.24, [TN24].

This gap between subexponential constructions and polynomial lower bounds
for LDCs has led to the definition of a class of codes with weaker local decoding prop-
erties called relaxed locally decodable codes (RLDCs), for which much better con-
structions are known. Introduced in [BSGH™06], a relaxed LDC is no longer required
to output the correct message bit b; with good probability, and instead may output
a special symbol L to signify that the decoder has detected an errorf| Unlike stan-
dard locally decodable codes, for large enough constant ¢ one can construct g-query
RLDCs with a polynomial blocklength of n = k'*0(/9) [BSGHT06, [GRR20, [CGS22,
AS21 [Gol24], and the works of [GL21l, [DGL21 [Gol23b| prove a near-matching lower
bound of n > k4" However, somewhat curiously, for the specific case of ¢ = 2
the work of [BBCT23] proves an exponential lower bound of n > 2%*), That is, up to
constant factors in the exponent, the best 2-RLDC is a 2-LDC, namely the Hadamard

code.

To summarize: for RLDCs, there exists a large constant ¢ such that there are
¢-RLDCs of length n = poly(k), whereas the best 2-RLDC has length n = 2%®*), The

work of [BBCT23| thus raises the following interesting question (mentioned explicitly

'More precisely, the length of these codes is n = 920 R for some constant £(q) ~ 1/log, ¢ < 1
that depends on gq.

2To prevent the trivial decoder that always outputs L from satisfying the definition, one requires
that the decoder outputs the correct bit b; with good probability when given access to an uncorrupted

codeword z = C(b).
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in [BBC™23| Section 2]):

Question 7.1 ([BBCT23|). What is the threshold q where the optimal blocklength of

a qg-RLDC' “transitions” from superpolynomaial in k to polynomial in k?

In this chapter, we investigate [Question 7.1, However, there is an obvious
barrier to answering [Question 7.1) coming from our lack of understanding of the
analogous question for LDCs. For example, if it is the case that the “transition
threshold” is above ¢ = 3, then to prove this one would need to prove that there are
no 3-RLDCs of polynomial length. In particular, this would also imply that there are
no 3-LDCs (unrelaxed) of polynomial length as well. However, the best 3-LDC lower
bound is only n > Q(k%) [AGKM23], and improving this (or showing that it is tight)

is a well-studied and challenging open question.

To avoid such issues, we instead reinterpret the result of [BBCT23| as follows.
Not only do they prove that any 2-RLDC has n > 2%*)_ they in fact prove this result
by showing that any 2-RLDC is a 2-LDC, and then they apply the exponential lower
bound of [KW03, [GKST06] for 2-L.LDCs. Thus, for ¢ = 2, RLDCs and LDCs are
equivalent. On the other hand, for large constant ¢ there is a large gap between the
best constructions of ¢-RLDCs (which have length n = k'*°(/9 [BSGH* 06l [AS21],
Gol24]) and ¢-LDCs (which have length n = 2" [Yek08, [Efr09, DGYT1]), giving
evidence that for a large enough constant ¢, RLDCs and LDCs are not equivalent.

We thus pose the following question:

Question 7.2. What is the smallest r where (1) for every q < r, every ¢-RLDC is a
q-LDC, and (2) there is an r-RLDC that is not an r-LDC?

Our main results show that the threshold r in [(Question 7.2|is between 4 and

15 for the case of linear codes. In fact, we show this for a “stronger” version of

where the -RLDC in Item (2) is not only not an r-LDC, but also not
a t-LDC for any constant t.

105



Locally correctable and relaxed locally correctable codes. The above discus-
sion is for locally decodable codes and their relaxed variant. One may ask the same
questions for locally correctable codes (LCCs) and their relaxed variant, as LCCs
are a closely related notion to LDCs that are defined in a near-identical way. The
difference between an LCC and an LDC is that a locally correctable code requires
that the decoder is able to self-correct bits of the codeword, whereas LDCs only need
to correct bits of the message. One can show that any LCC is in fact an LDC as well,
so LCCs are a stronger notion| And, similarly to LDCs, one can define a relaxed

notion of LCCs where the decoder is allowed to output a special error symbol L.

For LCCs, the state-of-the-art constructions and lower bounds are quite dif-
ferent compared to LDCs. For g = 2, the lower bounds of [KW03, (GKST06, [DS07]
show that the Hadamard code with n = 2¥ is an optimal 2-LCC. For ¢ > 3, however,
the best construction of ¢-LCCs remains the folklore construction from Reed—Muller
codes, which achieves a length of n = 20k @™D) " Thig is unlike the case of LDCs,
where the constructions of subexponential length coming from matching vector codes

are much better than Reed—Muller codes when ¢ > 3.

We also have stronger lower bounds for LCCs as compared to LDCs. Namely,
for ¢ = 3, the work of [KM24al] and follow-up works of [AG24, [Yan24, [KM24b| prove
exponential lower bounds for 3-LCCs: the current best results are n > 292(\/k/log k) for
linear codes [AG24] and n > 2°¢+") for nonlinear codes [KM24b]. For comparison,
recall that the best 3-LDC lower bound remains n > Q(k?). Furthermore, for any
odd constant ¢ > 5, one can show a lower bound of n > Q(k@=1/(=3)) for linear ¢-
LCCs [AG24], which is better than the best ¢-LDC lower bound by a small polynomial

factor in k.

For relaxed LCCs (RLCCs), the current best results are identical to RLDCs.

3This is fairly straightforward to show for linear codes, as without loss of generality, by changing
bases one can make any linear code systematic, i.e., the first k bits of any codeword x = C(b) is
simply the message b. For nonlinear codes, this can also be done with more effort, see [BGT1T,
Appendix A].
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Namely, for large enough constant ¢, the work of [AS21] constructs ¢g-query RLCCs
of lengt n = k'*00/9) and the lower bounds of [GL21], DGL21, [Gol23h] again prove
a near-matching lower bound of n > k'+2(1/4*) And, for ¢ = 2, [BBCT23] proves an

exponential lower bound for 2-RLCCs of n > 29(’“)
We can thus also ask [Question 7.2| for LCCs and RLCCs.

Question 7.3 (Question 7.2 for LCCs). What is the smallest r where (1) for every
q <r, every ¢-RLCC is a g-LCC, and (2) there is an r-RLCC' that not an r-LCC?

We also prove results for LCCs/RLCCs similar to the case of LDCs/RLDCs.
In particular, we show that the threshold r in [Question 7.3|is between 4 and 41 for

the case of linear codes.

7.1.1 Our results

Before we state our results, let us formally define LDCs and RLDCs (LCCs

and RLCCs are defined analogously, see [Definitions 5.9 and [5.14). For two strings

x,y € {0,1}", we let A(x,y) denote the Hamming distance between z and y, i.e., the

number of indices j € [n] where x; # y;.

Definition 7.4 (Binary locally decodable codes; see [Definition 5.8). A code
C: {0,1}* — {0,1}" is a (q,0,c,s)-LDC if there exists a randomized decoding

algorithm Dec(-) with the following properties. The algorithm Dec(-) is given oracle
access to a string y € {0,1}", takes an index ¢ € [k] as input, and outputs a bit in

{0,1} with the following guarantees:

(1) (g-queries) for any y and i, the algorithm Dec? (i) reads at most ¢ indices of y,

(2) (c-completeness) for all b € {0,1}* and i € [k], Pr[Dec®® (i) = b;] > ¢, and

4The works of [BSGHT 06, [Gol24] construct ¢-RLDCs with the same parameters, but their codes
are not RLCCs.

SUnlike the case of RLDCs/LDCs, the work of [BBCT23| does not prove a 2-RLCC to 2-LCC
reduction. However, since any 2-RLCC is a 2-RLDC, the exponential lower bound still applies.
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(3) ((8, s)-soundness error) for all b € {0,1}*, i € [k], and all y € {0,1}" with
A(y,C(b)) < dn, Pr[Dec?(i) # b;] < s.

Definition 7.5 (Binary relaxed locally decodable codes; see [Definition 5.13)). A code
C:{0,1}* — {0,1}" is a (q,d,c,s)-RLDC if there exists a randomized decoding

algorithm Dec(-) with the following properties. The algorithm Dec(-) is given oracle
access to a string y € {0,1}", takes an index i € [k] as input, and outputs either a

bit in {0, 1} or a special symbol L with the following guarantees:

(1) (g-queries) for any y and 4, the algorithm Dec”(i) reads at most ¢ indices of v,
(2) (c-completeness) for all b € {0, 1}* and i € [k], Pr[Dec®® (i) = b;] > ¢, and

(3) ((d, s)-relaxed soundness error) for all b € {0,1}*, i € [k], and all y € {0, 1}" with
Ay, C (b)) < 6n, Pr[Dec? (i) ¢ {b;, L}] <s.

The standard definition of an RLDC sets parameters as follows: § = O(1) (constant
fraction of errors), ¢ = 1 (perfect completeness), and s = 1/3. That is, in the presence
of a constant fraction of errors, the RLDC decoder outputs either the correct bit or
a special error symbol L with probability at least 2/3. In the standard definition of
an LDC, it is also common to set s = 1/2 — ¢ for a small constant &, meaning that
in the presence of a constant fraction of errors, the LDC decoder outputs the correct

bit with probability at least 1/2 + ¢.

Our main results. Our first result shows that any linear 3-RLDC with soundness

error 1/2 —n is a 3-LDC, and thus the threshold in must be at least 4

for linear codes.

Theorem 7.6. Let C: {0,1}F — {0,1}" be a linear (3,6,1,% — n)-RLDC with a

)1 9

possibly adaptive decoder. Then, for any e > 0, C' is a linear (3,2n0e/3,1,¢)-LDC.
In particular, if C is a linear (3,0(1), 1, %)—RLDC, then C' is a linear (3,0(1), 1, %)—
LDC. Furthermore, the same statement holds for RLCCs/LCCs.
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By combining [Theorem 7.6 with the best known lower bounds for linear 3-
LDCs [AGKM23, HKM™24, BHKT.24, [TM24] and linear 3-LCCs [AG24], we obtain
the following new lower bounds for 3-RLDCs and 3-RLCCs.

Corollary 7.7. Let C: {0,1}* — {0,1}" be a linear code. Then, the following hold:

(1) If C is a (3,6,1,1 — ¢)-RLDC with a possibly adaptive decoder, then

[ D)

n > Qs ((k/logk)?).

(2) If C is a (3,6,1,1 — ¢)-RLCC with a possibly adaptive decoder, then

’ 4y 9

n > 982, (\/Fk/ log k)

For comparison, the prior best lower bound for 3-RLDCs or 3-RLCCs came
from the works [GL21, DGL21] [Gol23b], which prove a lower bound of n > k!+2(1/4*)
for any ¢-RLDC/RLCC, where the constant in the €(+) is smaller than 1/10. Thus,
gives a stronger lower bound for 3-RLDCs, and a substantially stronger
lower bound for 3-RLCCs.

The lower bounds in require the RLDC/RLCC to have a sound-
ness error of 1/2 —e. However, for RLDCs/RLCCs (unlike LDCs/LCCs), any sound-
ness error of 1 — e can be amplified to 1/2 — ¢ via sequential repetition (see
, although this does increase the number of queries in the RLDC by a
constant factor. In this way, one could view the requirement on the soundness er-
ror in as a mild limitation, although we note that the lower bound for
2-RLDCs in [BBC™23| also has the same requirement.

is a corollary of the following more general statement that we
show. There is a soundness threshold s(¢q), a function of ¢, such that any linear
¢-RLDC with soundness error s < (1 — a))s(q) must be a linear ¢-LDC. That is, if
a linear ¢-RLDC has soundness error better than s(q), then the “reason” is that the
¢-RLDC is in fact a ¢-LDC. For 3-RLDCs, this threshold s(q) is 1/2, which implies
Theorem 7.6
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Theorem 7.8 (Soundness error threshold for ¢-RLDCs; binary case of .
Let s(q) = 27192 Let C: {0,1}* — {0,1}" be a linear (q,6,1,s)-RLDC with a
possibly adaptive decoder, where s < (1 — «)s(q). Then, for any e > 0, C is a linear
(q,0e/q,1,e)-LDC. Furthermore, the same result holds for RLCCs/LCCs.

shows that the answer to [Question 7.2 depends on the soundness
error s that we choose in |Definition 7.5.|ﬂ The standard definition of RLDCs typically

chooses s = 1/3 (see, e.g., [BSGHT 06, [GL21]), which is a constant smaller than 1. If

one wishes to have soundness error strictly less than, say, s = 1/8, then [Theorem 7.8
implies that any ¢-RLDC that is additionally not a ¢-LDC must have ¢ > 8.

More generally, shows a qualitative difference between LDCs
and RLDCs (that are not LDCs): the only way for a linear RLDC to have strong
soundness, a property satisfied by constant query linear LDCs, is for it to already
be an LDC. Strong soundness is a natural property, typically desired in local testing
or decoding algorithms, that intuitively says that corrupted codewords y with fewer
errors are decoded more successfully. More formally, strong soundness replaces Item

(3) in [Definitions 7.4| and [7.5| with the following corresponding condition:

Definition 7.9 (Strong soundness for LDCs and RLDCs).

(1) (§'-strong LDC soundness) for all b € {0,1}*, i € [k], and all y € {0,1}",
Pr[Dec?(i) # bi] < Ay, C(b))/(n).

(2) (¢'-strong RLDC soundness) for all b € {0,1}* i € [k], and all y € {0,1}",
Pr[Dec?(i) ¢ {bi, L}] < A(y, C(b))/(6'n).

Definition 7.9|says that the probability that the decoder is incorrect is propor-

tional to the number of errors in y. The connection established in [KT00] between

6Technically, to deduce that this depends on the soundness error one also needs to exhibit a
¢-RLDC (with soundness error > s(q)) that is also not a ¢-LDC. Existing constructions of RLDCs
(IBSGH™ 06, [GRR20, [CGS22] [AS27], [Gol24]) should satisfy this condition, and in this chapter we

give an RLDC with this property (Theorem 7.14J).
110



linear constant ¢-LDCs and “smooth decoders” implies that any (¢,d,1,1/2—¢)-LDC
(Definition 7.4)) satisfies for & = &/q (see [Section 7.7). On the other
hand, implies that no such analogous statement can hold for RLDCs
unless all RLDCs are LDCs, which is false (see, e.g., [Theorem 7.14). Formally, we

have the following corollary of

Corollary 7.10 (RLDCs with Strong Soundness are LDCs). Let C: {0,1}* — {0,1}"
be a linear q-RLDC with perfect completeness and §'-strong soundness
[tion 7.9). Then for any e > 0, C is a linear (q,s(q)ed'/4q,1,€)-LDC. Furthermore,
the same result holds for RLCCs/LCCs.

At first glance, the exponential dependence on ¢ in s(q) in [Theorem 7.8/ may

appear to be weak. However, a simple sequential repetition of the decoder, combined
with a constant query RLDC that is not an ¢-LDC for any constant ¢, shows that

the exponential dependence is necessary.

Observation 7.11. Let C: {0,1}* — {0,1}" be a (¢, d, 1,)-RLDC with a possibly
adaptive decoder. Then, for any integer ¢t > 1, C' is a (gt, 9, 1,&")-RLDC. The same
statement holds for RLCCs.

[Observation 7.11| implies that if the threshold s(¢) in [Theorem 7.8 did not
decay exponentially with ¢, we could take any (q,d,1,¢)-RLDC (where ¢,d,¢ are

constant) and then choose ¢ to be a constant so that ' < s(qt) (which exists if s(qt)

does not decay exponentially), and this would show that the code is also a constant

query LDC. However, as we will show (Theorem 7.14), there is a code that is an

O(1)-RLDC but not a ¢-LDC for any constant g. We thus conclude that s(g) must

decay exponentially in q.

The proof of [Observation 7.11] is simple, and is included in [Section 5.6l We
prove and [7.§] in [Section 7.3|
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Extensions of [’heorem 7.8 [Iheorem 7.8 makes two assumptions on the code:

it assumes that C'is linear, and that it has perfect completeness. As we will discuss in
Section 7.2.2 our proof makes heavy use of the linearity of C', and it is not clear how
to remove this assumption from [Theorem 7.8 However, we can extend
to codes with imperfect completeness via our next theorem, which shows how to
convert any linear RLDC with imperfect completeness to a linear RLDC with perfect

completeness.

Theorem 7.12 (Binary case of [Theorem 7.23). Let C: {0,1}F — {0,1}" be a

linear (q,0,1 — €,5)-RLDC with a possibly adaptive decoder. Then, C is a linear
(q,6,1,s+3¢)-RLDC with a nonadaptive decoder. Furthermore, the same result holds
for RLCCs/LCCs.

Combining [Theorems 7.8 and [7.12] we obtain the following corollary, which
extends to linear RLDCs with imperfect completeness.

Corollary 7.13. Let s(q) == 27192 Let C: {0,1}* — {0,1}" be a linear (¢,5,1 —
n,8)-RLDC with a possibly adaptive decoder, where s < (1 — a)s(q) — 3n. Then, for

any € > 0, C is a linear (q,ade/q,1,¢)-LDC. Furthermore, the same result holds for
RLCCs/LCCs.

[Theorem 7.12|is a query-preserving version of a recent theorem of [Gol23al,

which shows a similar result but requires an extra query. Namely, [Gol23a] shows how
to convert any linear ¢-RLDC with an adaptive decoder and imperfect completeness
into a (¢+1)-RLDC with a nonadaptive decoder and perfect completeness. This extra
query made by [Gol23a] is significant for us, as our soundness threshold s(q) = 2~19/2]
satisfies s(3) = 1/2 but s(4) = 1/4, and so the result of |Gol23al] only allows us to
show that a 3-RLDC (RLCC) with imperfect completeness and soundness error 1/4
(which is smaller than the standard setting of 1/3) is a 4-LDC (LCC). For the case of
RLCCs, this extra query is very significant, as the best lower bound for linear 4-LLCCs
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is only n > Q(k?) [KW03], whereas the best lower bound for (binary) linear 3-LCCs
is n > 2%(Vk/loek) [AG24]. We prove [Theorem 7.12| in [Section 7.4

Larger fields. It is straightforward to extend to larger fields F by
replacing the function s(q) with sp(q) = |F|71%2), and we do this when we prove
[Theorem 7.8| in [Section 7.3] In [Section 7.6, we extend to larger fields
without any field-dependent loss in s(q) for the case of ¢ = 2.

Constructions of RLDCs/RLCCs with small queries that are not LDCs.
To complement and provide a partial answer to and [7.3]
we give a simple construction of RLDCs and RLCCs with small queries that are not
constant query LDCs for any constant. To our knowledge, these are the first RLDC

constructions to achieve constant queries for an explicit small constant.

Theorem 7.14 (Constructions of constant query RLDCs/RLCCs that are not
LDCs). For every k, there is a linear code C: {0,1}* — {0, 1}" where n = kC(closk)
such that C is a (15,0,1,1/3)-RLDC and a (41,0,1,1/2 — ¢)-RLCC' for a small
constant € > 0. Furthermore, C is not a (O(logk), O(n='/3),1,1/2 — ¢)-LDC (or
LCC) for any € > 0 (including subconstant ).

The blocklength of is worse than that of prior constructions, as
it is slightly superpolynomial in k rather than poly(k). However, the importance of

Theorem 7.14]is that (1) the number of queries made by the code is an explicit small

constant, and (2) we can prove that the code is not a constant query LDC. Thus, when

combined with [Corollary 7.13] [T'heorem 7.14shows that the threshold in|[Question 7.2]

is somewhere between 4 and 15 for linear RLDCs with perfect completeness and

soundness 1/2 — ¢ for any constant ¢ > 0: |Corollary 7.13| implies that linear 3-
RLDCs with soundness 1/2 —¢ are 3-LDCs, and [Theorem 7.14|gives a 15-RLDC with

soundness 1/2 — ¢ that is not an g-query LDC for any constant g.

While [Theorem 7.14] gives a construction of a ¢-RLDC with an explicit con-

stant ¢ = 15, one may wonder what the implicit constant ¢ is in previous works. We
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attempted to determine the number of queries ¢ needed for the RLDCs of [BSGHT06,
GRR20)] to achieve soundness error < 1/2; and to the best of our knowledge, this ¢ is
at least 107 for both constructions. Intuitively, the reason the query complexity is so
high is that these constructions make use of “proof composition” style results with
robust probabilistically checkable proofs of proximity (PCPPs), and the soundness
gap (defined as 1 — soundness error) deteriorates multiplicatively with each compo-
sition step. This causes the soundness gap to deteriorate quickly even when just a
few composition steps are used, and as a result the final soundness gap is smaller

than 10~7. This means that the soundness error is at least 1 — 10~7, and so one must

repeat the decoder many times (see [Observation 7.11)) to amplify the soundness error

back down to 1/2, which makes the query complexity large. In hindsight, the fact
that these RLDCs use a large number of queries is perhaps unsurprising given that

the constants in their proofs are likely not intentionally optimized.

We prove [T'heorem 7.14|in [Section 7.5|

7.2 Techniques

In this section, we give a proof overview of our main result, [Theorem 7.8 We
will primarily focus on the case of ¢ = 2 and ¢ = 3 for RLDCs, though we shall also

explain how to generalize the proof to arbitrary ¢ and also to RLCCs. For simplicity,

we will assume that the decoder is nonadaptive; [Theorem 7.12| handles the case of

adaptive decoders.

7.2.1 The proof strategy for [Theorem 7.8§|

Let C: {0,1}¢ — {0,1}" be a linear (q,6,1,5)-RLDC with a nonadaptive
decoder Dec(+) satisfying the properties in [Definition 7.5 with s < (1 — a)s(g). Our

goal is to show that C' is a (¢,0’,1,s")-LDC for some ¢’,s’. To do this, we need to
construct a (possibly different) LDC decoder Dec/(+) using the RLDC decoder Dec(-).

We will do this by “opening up” Dec(-), i.e., we will crucially not use Dec(:) in a
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black-box manner.

LDCs and smooth decoders. The starting point of our proof is the following
observation of [KT00].

Observation 7.15. Suppose that C' admits a g-query smooth decoder Decgmootn(-),
which is a nonadaptive local decoder with the following two properties:

: ®
(1) (perfect completeness) for every b € {0,1}* and i € [K], Pr[DeCSC (1) =b] =1,

mooth

and

(2) (n-smoothness) for every i € [k] and j € [n], Pr[Decsmootn(?) queries j] < nin

Then, for any € > 0, C'is a (¢, ¢, 1,¢)-LDC.

Indeed, [Observation 7.15| follows by a simple union bound, as if there are at

most nen errors, then the probability that at least one of the ¢ queries made by the
decoder is corrupted is at most nin -nen = ¢, and if all queries are uncorrupted then the
decoder outputs b;, by perfect completeness. Thus, to prove [['heorem 7.8| it suffices

to extract a smooth decoder from Dec(-).

A canonical RLDC decoder. Let us now consider the behavior of Dec?(i) for a
fixed ¢ € [k] and some y € {0,1}". Because Dec?(7) is nonadaptive, we can view its
operation as a two step process. First, Dec?(i) samples a set of queries @) of size < ¢
(for simplicity, let us assume that |Q| = ¢) from a query distribution Q; over ([S"j])
that does not depend on y. Then, it reads the values y; for each j € @), and outputs
the value in {0,1, L} of a (possibly randomized) function fg({y;};cq) that depends
on the set of queries () and their answers {y,};eq. We can now make the following
simple observation: since the original decoder Dec(-) has perfect completeness, there
is a canonical choice of the decoding function fg for each set @@ C [n]. If the values

of y on @ read by the decoder are consistent with some codeword z = C(b), i.e.,

ylo = x|g, then the decoder must output b;, the i-th bit of the underlying message
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in z, by perfect completeness. And, if the values of y on () are inconsistent with all
codewords z, then y must have an error in the set () and so the decoder can safely

output L, as this can only decrease the soundness error of the decoder.

Decomposing the canonical RLDC decoder into smooth and nonsmooth
parts. The above observation thus implies that we can view the decoder Dec"(1)
as being solely determined by the query distribution Q;. Given a distribution Q;, we
can define the set of “nonsmooth” or “heavy” queries as H; = {j € [n] : Prg.q,[j €
Q] > s£}. Note that for a (0/q)-smooth decoder, the set H; is empty. We clearly
have |H;| < dn, as

=Y Priic@ =Y prijeq >
Jj€n] JjeH;

In particular, this means that for any b € {0,1}*, the RLDC decoder Dec(i) on input

i must satisfy Pr[Dec”(i) ¢ {b;, L}] < s for any y where y; = C(b); for all j ¢ H,.

That is, if we only introduce errors in the “heavy set” H;, we have introduced a small

enough fraction of errors so that the soundness condition of the RLDC decoder still

applies.

Call a set @ € ([Z]) “;-smoothable” if one can recover b; from I|Q\ o, for any
codeword x = C'(b), and let p; gooa = Prg.o,[@ is i-smoothable]. Let Q; 4004 be the
distribution Q; conditioned on the output () being “-smoothable”, and let Q; p,q be Q;
conditioned on () being not “/-smoothable”. Recall that because there is an optimal
canonical decoder, a (nonadaptive) decoder is determined completely by its query
distribution. Thus, the set of query distributions Q; 4o0q for each i € [k defines a
decoder that we call Decrpc, and similarly {Qi,bad}ie[k] defines a decoder Decripc.
Furthermore, for any y € {0,1}" and any i € [k], for every output o € {0,1, L}, it
holds that

Pr[Dec?(i) = 0] = pigooa Pr[Decip (i) = o] 4+ (1 — pi gooa) Pr[Dect pa(i) = o] .

In other words, we can view the behavior of Dec?(i) as follows: with probability

Digoods 1t runs Decip(7), and with probability 1 — p;go0a it runs Dec};pc(i). The
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two decoders Decipc and Decgrrpc have their names chosen to indicate that Decipc
is the “LDC part” or “smooth part” of the original decoder Dec, and Decrypc is the

“pure RLDC part” or “nonsmooth part” of the original decoder.

Showing that the “smooth part” is nontrivial by breaking soundness of
the “nonsmooth” part. To finish proving that C' is an LDC, it remains to argue
that p;gooa > (1) for each i € [k], i.e., the “smooth part” of the RLDC decoder
is nontrivially large. This is because the decoder Decrpc i (0pigood/ q)—smoothﬂ for

each ¢ € [k], and so by [Observation 7.15|it is an LDC decoder that can tolerate dp/q

errors, where p = min;e k) Pigood- We thus want p; gooqa > €2(1) for each i € [k], so that

dp/q=Q/q) = (1) is at least a constant.

To argue that p; gooa > §2(1) for each i € [k], we will fix i € [k] and we show
that any decoder that makes at least one “nonsmooth” query has soundness error
at least s(¢) = 271921, More formally, we show that for each b € {0,1}*, there is a
y € {0,1}" where y, = C(b), for v ¢ H; such that Pr[Decg;pc(i) € {bi, L}] > s(q).
That is, y agrees with a codeword on the “smooth queries” and only disagrees on
some of the “nonsmooth queries”, which also implies that A(y, C(b)) < |H;| < dn.

Note that by soundness of the original decoder Dec, this implies

(1 —a)s(q) > s > Pr[Dec?(i) ¢ {b;, L}]
= Pigood Pr[Decype (i) & {bi, L} + (1 = pjgood) Pr[Decyy pe (i) ¢ {bi, L}]

Z S(C])(l - pi,good) 3

and S0 pjgood > Q.

We explain how to break soundness of Decripc in the next section.

"Here, we sample @ from Q; g00d and only query @ \ H;. Note that because @ is i-smoothable,
we can still decode b; from @\ H;, and so we have preserved perfect completeness while making the
decoder smooth.
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7.2.2 Analyzing the “nonsmooth” linear RLDC decoder

It remains to show that Decrr.pc has soundness error at least s(q) = 27192} As
explained above, we will show that for each b € {0, 1}*, there exists y € {0,1}" that
agrees with # = C'(b) on all indices in [n]\ H; such that Pr[Decy; po(i) = 1—b;] > s(q).
Because the code is linear, without loss of generality we may assume that b = 0%,
so that x = 0", and our goal is to show the existence of such a y € {0,1}" where

Pr[Decy;pe(i) = 1] > s(q).

Fooling a fixed set ). Let us now explain how to construct such a y. Fix a set
() in the support of the query distribution of Decgrrpc. Because we have an optimal
canonical decoder, when Decgrpc queries @, it simply checks if y|g = z|g for some

codeword z, and if so, then it must output the bit b; where x = C'(b).

As a first attempt, suppose we choose y so that y|g, is random and otherwise
y agrees with 0", the original uncorrupted codeword. Then, with probability at least
279, it holds that y|g = z|g for some codeword x = C(b) with b; = 1. Indeed,
because @ is not “i-smoothable”, the message bit b; cannot be recovered from z|q\ #,
for a codeword x = C'(b), and so there must exist a codeword z = C(b) with b; =1
such that z|g\u, agrees with the codeword 0". And, since y|g, is random, we have

that y|onw, = *|onu, With probability at least 27197#:l > 279 We note that this

observation is sufficient to prove [Theorem 7.8 with s(q) = 279.
To prove [Theorem 7.8 with s(q) = 2-19/2] however, we require a more so-

phisticated analysis that will end up using the linearity of C' quite strongly. For a
linear code C, y|g agrees with a codeword = on @ if and only if y|¢ satisfies a certain
system of linear equations that are the “local parity check constraints on Q7. For
example, it could be the case that Q = {ji, jo, 3} where any codeword z satisfies
xj, +x;, +xj = 0, and there are no other local constraints. In this case, if y satisfies
Y, + i, +y;, = 0, then there exists some codeword x where z;, = y;,, z,, = y;,, and

Ljs = Yjs-
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However, the above observation is not enough for us, as we additionally need
to make Decgypc output 1. To make this happen, we will again make use of the linear
structure of C. Because C: {0, 1}* — {0,1}" is a linear map, for every j € [n] there
exists v; € {0,1}* such that for every b € {0,1}*, C(b); = (b,v;); the vector v; is
simply the j-th row of the generator matrix of C'. Note that “local constraints” above
correspond to linear dependencies among the rows of the generator matrix. That is,

zj, + xj, + xj, = 0 for all codewords z if and only if v;, + v;, + vj, = OF.

The fact that Decripc has perfect completeness implies that one can recover
b; exactly from x = C(b) restricted to (). In linear algebraic terms, this means that
the i-th standard basis vector e; is in span({v; : j € Q}). We have assumed that @
is not “/-smoothable”, meaning that one cannot recover b; from |o\,, as otherwise

@ is a set that “belongs to” Decrpc. So, e; ¢ span({v; : j € Q \ H;}).

Our main technical lemma (Lemma 7.19) shows that if we pick y such that:
(1) y; = C(0%); = 0 for j ¢ H;, and (2) y; = C(b); for j € H; where b € {0,1}F is
random with b; = 1, then with probability at least s(q) = 27192 y|o = z|g for some
codeword x = C(b') where b = 1. That is, y|q satisfies all local checks in @) and is
consistent with a codeword that has i-th message bit equal to 1, and thus when this

occurs Decripc outputs 1.

Remark 7.16. The intuition for our main technical lemma (and indeed the main
intuition behind is as follows. Firstly, in order for the RLDC decoder
to be “not LDC-like”, it needs to make queries to the nonsmooth set H;. Secondly,
in order for the RLDC decoder to be hard to fool, it must use the queries to @\ H; to
check consistency with the queries () N H;; if there are no consistency checks, then we
can freely choose the values of y on QN H; and easily fool the decoder. Finally, when
q is small (say ¢ = 2 or 3), the decoder cannot simultaneously make many queries
to both H; and [n] \ H;, i.e., one of @ N H; or @\ H; must be small, and this is an

inherent weakness that allows us to fool Decgrypc with reasonable probability.

Casework for g = 2. Let us now explain a simple argument to prove our main
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technical lemma when ¢ = 2. Let Q = {j1,j2}. We split the analysis into 3 cases,

depending on |@ N H;|, i.e., the number of “nonsmooth queries” made in Q). As we

shall see, the case of ¢ = 2 is simple and also somewhat degenerate, in that it is not

possible to have a nontrivial “local check”. In fact, this is the reason that we can

show a very good lower bound for 2-RLDCs over large fields (see [Section 7.6)).

(1)

(3)

Case 1: |Q N H;) = 0. In this case, @ N H; = (), and therefore ¢; is in
span({v; }jeo\n,), contradicting the fact that @ is not i-smoothable. Thus, this

case cannot occur.

Case 2: |Q N H;| = 1. In this case, @ = {j1,72} where j; € H; and j, ¢ H;.
We have that e; ¢ span(v;,), which implies that v;, # e;. We also have ¢; €
span(vj, , vj,), which implies that either e; = v;,, or e; = vj, + vj,.

At this point, either there are no local check constraints, or there is a single
constraint v;, +v;, = 0%. However, the latter leads to a contradiction, as both of

the possibilities for e; are now impossible:

e v;, = ¢; would imply v;, = e;, and hence e; € span(vj,) (contradiction);

e v, +vj, = e; would imply e; = 0% (contradiction).
Because j, ¢ H;, we have y;, = 0, and so we fool the decoder if and only if
yj, = 1. This clearly happens with probability at least 1/2, as either v; = e;, in

which case y;, = 1 with probability 1, or else v, # e; and is nonzero, in which

case yj, = 1 with probability 1/2.

Case 3: |Q N H;| = 2. In this case, y|g = z|¢ for some x = C (V') where V] = 1,
by definition. Thus, the canonical decoder outputs 1 with probability 1.

In all cases, we see that the decoder outputs 1 with probability at least s(2) = 1/2

over the random choice of y, as required.
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Generalizing to higher q. The above casework proves the desired claim for ¢ = 2.
One can repeat a similar case-by-case analysis for ¢ = 3, but the analysis quickly
becomes unwieldy as ¢ increases. For example, when ¢ = 3 one can have ) =
{j1, 72, js} where ji,j2 € H;, js ¢ H;, and v;, + v;, = ¢; and vj, + v;, = 0. That is,
we can have both a “decoding constraint” that sums to e; and a “check constraint”
that sums to 0. Again, one can verify that our choice of random y will satisfy both
these constraints with probability 1/2: this is because the two constraints imply
vj, +vj, = €;, and this constraint is satisfied with probability 1 (because y is consistent
with z = C(V') with b, = 1 on indices in H;), and the constraint v;, +v;, = 0 is satisfied
with probability 1/2, independently of the first constraint. We note that it is easy to
show how to set the values y; for j € H; to fool the decoder for a particular @), but
the key difficulty is we need to find a single global y that fools an s(q)-fraction of the

Q’s simultaneously.

To find a single global y, we show that if we sample y from the distribution
as above, i.e., where y|y, is chosen to be C(b)|y, where b is uniformly random with
b; = 1, then for any set @) that is not i-smoothable, with probability at least s(q) over
the draw of y, y fools the decoder when it queries (). Recall that y fools the decoder
if and only if y|g € C'|g, where C" is the affine subspace {C(b)|gnm, : b; = 1}. This
requires checking that (1) y|ong, is in C'|gnm,, (2) ylo\a, s in C|o\a,, and (3) y|ong,
is consistent with 09\% and the constraint that b, = 1. Notice that y satisfies all
of the type (1) constraints with probability 1, since y|gng, is drawn uniformly over
that set, and y satisfies all of the type (2) constraints by definition because @) is
not i-smoothable. We can view the type (3) constraints as imposing a system of
inhomogeneous linear constraints on the vector y|gnm,, so that y fools the decoder if

and only if y|gng, lies in a particular affine subspace.

Formally, we show that for each @) and each codeword C'(b), there is a vec-
tor z € {0,1}9"i and linear subspaces V and W in {0, 1}9" with V C W and
dim(W/V) < min(|Q N H;|, |Q \ H;|) such that y|g fools the decoder if and only if

Ylonm, — 2 lies in WL, Intuitively, the vector z shifts the affine subspaces to be linear
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subspaces, and then the subspace W is the set of “local parity check constraints” on
QN H; satisfied by all codewords C'(b') with b, = 0 that are also 0 on @ \ H; (type (1)
and type (3) constraints), and the subspace V is the set of constraints on ) N H; satis-
fied by all codewords C'(b") with b, = 0 (type (1) constraints only). The distribution of
Y|onm, — 2 is then uniform over the larger subspace V* in {0, 1}9"i that contains W+.
Hence, y lies in the desired affine subspace with probability at least 2~ 4™MW/V) and this
is at least 27192} as one can show that dim(W/V) < min(|Q N H,|,|Q\ Hi|) < |q/2].
This is the “inherent weakness” mentioned in[Remark 7.16} one of |QNH;| or |Q\ H;]
must have size < |¢/2], and they control the dimension of the “extra local checks”

that y|gnm, must satisfy in order to fool the decoder.

The full proof of [I'heorem 7.8|is in [Section 7.3|

Generalizing to RLCCs. The above analysis considers the behavior of Dec?(7)
on each input ¢ separately, and shows how to convert it to a smooth decoder. Thus,
it seamlessly generalizes to RLCCs, as we can consider the behavior of the RLCC
decoder Dec?(u) on each input u separately as well, and convert Dec?(u) to a smooth

decoder for each u to obtain an LCC.

7.3 Relaxed Locally Decodable Codes Cannot Have Strong
Soundness

In this section, we prove which shows a qualitative difference
between linear RLDCs and LDCs: an LDC has strong soundness (soundness error
can be made arbitrarily low by adjusting the decoding radius; see , while
an RLDC does not unless it is also an LDC. We will in fact prove the following
theorem, which is a generalization of to any finite field for the case of

nonadaptive decoders. The case of adaptive decoders and imperfect completeness is

handled generically by [Theorem 7.23 which we prove in [Section 7.4

Theorem 7.17 (Theorem 7.8 for nonadaptive decoders and any field). Let sp(q) =
IF|~L9/2], Let C: F* — F™ be a linear (¢,0,1,5)-RLDC with a nonadaptive decoder,
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where s < (1 — a)sp(q). Then, for any ¢ > 0, C is a linear (q,ade/q,1,e)-LDC.
Furthermore, the same result holds for RLCCs/LCCs.

Proof. Let C': F* — F" be a linear (g, 9, 1, s)-RLDC with s < (1 — a)sp(q). We will
follow the proof outline from

Let Dec(-) be the nonadaptive RLDC decoder of C'. Because Dec(+) is non-
adaptive, we may assume ([Fact 5.15)) that it behaves as follows. For each i, there is a
distribution Q; over subsets of [n] of size at most ¢, and the decoder Dec?(i) on input

1 simply samples @ < Q;, reads vy, for each v € (), and then follows the behavior of
the canonical decoder in [Fact 5.15

Defining the smooth decoder Decrpc(). Let ¢ € [k] be a message index. For
each ¢ € [k], we partition the codeword indices [n] into heavy (“nonsmooth”) and

light (“smooth”) indices as follows.

Hi={jeln]: Pr[jeQ]>q/on}

j € Q< q/on}

Pr
Q+9Q;
L= Gebl:

We then have

> B o [ Z 1(j € Q)] > Z Egeon [1(j € Q)] > q|5]7"?| .

Jj€(n] JEH;
Hence, |H;| < dn.

We now split Q; into the “smooth part” and the “nonsmooth part”. Recall

from the definition of a linear code (Definition 5.4)) that for each j € [n], there exists
v; € F* such that for every b € F* C(b); = (v;,b). We now define the notion of

a “smoothable” query set, which are sets () where one can recover b; from only the

light indices, i.e., @ N L;.
Definition 7.18. For a set () in the support of Q;, we call Q) i-smoothable if e; €

span{v; : j € QN L;}.
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Let us now define the following query distribution Q;. In the distribution Q;,
we sample ) < Q; conditioned on ) being i-smoothable (we will show that this
probability is nonzero, so this is well-defined), and then we output Q = QN L;. Note
that @ is i-smoothable since Q is.

Given the distribution Q; for each i € [k], we define a decoder Decppo(-) as
follows. On input i, Dec? (i) draws Q < Q, and then uses the “decoding constraint”
to decode b;. That is, because Q is 2-smoothable, there exists a subset T' C Q such

that Z]ET vj = e;, and the decoder outputs ZjeT Y.

Arguing smoothness of Decrpc(+). We will now show that Decpc(-) is (ad/q)-

smooth (Definition 5.10). For each i € [k], let p;go0a be the probability that @ <«

Q; is i-smoothable. Let Decrrpc(-) denote the decoder that (1) samples @ « Q;
conditioned on @ being not i-smoothable, and then (2) decodes using the canonical
decoder. Observe that we can view the original decoder as simply calling Decrrpc(-)
with probability 1 — p; go0d, Where i € [k] is the input index (and, with probability
Pigood; the decoder does something else). We then have that for any b € F* and
y € F* with A(y,C(b)) < én and any ¢ € [k], it holds that

(1—a)se(q) > 5 > Pr[Dec’(i) = o € F\{b}] > (1=pi so0a) Pr[Deckipe (i) = o € F\{bi}].
(7.1)
Our main technical lemma is the following lemma, which we will use to lower bound

the soundness error of Decripc.

Lemma 7.19 (Fooling a set Q). Let C': F¥ — F" be a linear code. Let Q = H U L
where H and L are disjoint. Let v* € F*, and suppose that v* ¢ span({v; : j € L}).
Let b € %, and let x = C(b). Fizi € [k], and let 0 € F.

Let b < F* be sampled uniformly at random with (v*,b') = o, and let ¥’ =
C(t). Define z € F9 to be z; = x; for j € L and z; = a’; for j € H. Then, with
probability at least |F|~ ™ALL oyer the choice of V', there exists b" € F* such that
C")|g =z and (v*,b") = 0.
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emma (.19 says the following. Suppose we are given a query set () and a
codeword x = C(b), and we want to corrupt z|g by only modifying its values on H;
so that the corrupted version of z|g is now equal to 2”|g for a different codeword
2”. Then, if we corrupt z|g by replacing z|gnm, with a uniformly random codeword,
then it will satisfy this condition with some nontrivial probability. Furthermore, if
we additionally wish the codeword z” to be equal to C(b”) for some b” satisfying a
particular inhomogeneous linear constraint (v*, b”) = o, then this is possible provided

that v* ¢ span({v; : j € QN L;}) and v* € span({v; : j € Q}).

We postpone the proof of [Lemma 7.19|to [Section 7.3.1, and for now use it to

finish the proof of [Theorem 7.17, As we shall shortly see, implies that

the soundness error of Decgpc is at least sp(q).

Indeed, let v* = e;, and let ) be any set in the support of Q; that is not i-
smoothable. Let b € F* and let z = C'(b). Suppose that we define (a distribution over)
y € F" with A(y, C(b)) < én by (1) sampling b’ < F* with b; # b;, and (2) setting y to
be ylg, = C(V)|u,, and y|r, = C(b)|.,. We clearly have that A(y, C(b)) < |H;| < dn
holds with probability 1. On the other hand, by [Lemma 7.19] with probability at least
|F|~min(QOHLIQALD > |R|~l9/2) = sp(g), it holds that y|q = 2"|q for some 2" = C(b")
where 0} = b, # b;. Because Decripc behaves as the canonical decoder, it must

therefore output b # b;.

The above shows that for any ¢ € [k], there is a distribution over y with
A(y,C (b)) < on such that E,[Pr[Decy;pa(i) # bi]] > sr(q). Hence, by averaging,
there exists y such that this holds. This implies that the soundness error of Decky pe(7)

is at least sp(q), and so by [Eq. (7.1)| we conclude that (1—a)sg(q) > (1 —p;gooa)sr(q),
which implies that p; gooa > @, and this holds for all i € [£].

With this lower bound on p;g.q in hand, let us now argue smoothness of

Decrpc(). Indeed, for any j € [n], we have that

Pr[Dec! (i) queries j] = Pr [j € Q] = Pr [j € QN L;|Q is i-smoothable] .
Q(—Qi Q+9;
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Notice that this probability is 0 if 7 € H;, and otherwise for j € L; we have

Pr[Dec{ (i) queries j] = [1 € Q|Q is i-smoothable]

QEIQZ
_ Prgeq,[j € QA Q is i-smoothable]
B Prg.o,[Q is i-smoothable]

_ Prgeg,[j € QAQ is i-smoothable]
B Di,good

< Pro.o,[j € Q]

Di,good
< 4
— adn
where we use that j € L;. Hence, Decypc is (ad/q)-smooth. By|Fact 5.12] this implies

that C'is a (¢, ade/q, 1,¢)-LDC with decoder Decypc, which proves |[Theorem 7.17| for
the case of RLDCs.

Extension to the RLCC case. Let us now briefly explain how to extend the above
proof to the case of RLCCs. As we are proceeding by analyzing the behavior of Dec(-)
on each input, this generalizes seamlessly to RLCCs. The only difference in the proof
is that in [Lemma 7.19] we take v* = v;, where v; is the j-th row of the generator
matrix of C' and j € [n] is the input to Dec(:). That is, v* is no longer necessarily a

standard basis vector e;. All the remaining steps of the proof are unchanged. O]

7.3.1 Proof of [Lemma 7.19|

In this subsection, we prove |Lemma 7.19,

Proof of [Lemma 7.19. Let Q C [n], and let Q = H UL where HNL = (. Let b € F*,
and let x = C(b). Fix i € [k], and let 0 € F. Our goal is to show that, if we

choose b < F* uniformly at random with (v*,b') = o, then with probability at least
|[F|~min(HLILD " the string z € F? defined as z; = x; for j € L and z; = a for j € H

is consistent with some other codeword C(b”) that also satisfies (v*,0") = o.

Because C' is linear, without loss of generality we may assume that b = 0%, so
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that z; = 0 for all j € L. We wish to argue that Pr,[3b" s.t. z = C(0")[g A (v*,0") =

o] > |F|~mn(HLL) “when 2 is drawn from the distribution defined in [Lemma 7.19}

Let us first argue that such a z exists. This implies that the probability is at

least |F|~19l, which is already sufficient to prove [Theorem 7.17| with sp(q) = |F|~9.

Indeed, because v* ¢ span{v; : j € L} and there is a codeword that is identi-
cally 0 on all j € L, it follows by that such a z exists. Let z* = C'(b*)|g be

any such solution, with corresponding codeword b*.

Because there exists such a b*, by the linearity of C', it suffices to show that
Pr.. p[3" st. 2 = C(b")|gN{(v*,b") = 0] > |F|~mnlHLL)  where D is the distribution
over z given by (1) sampling & < F* uniformly at random with (v*,b') = 0, and (2)
outputting z € F¢ where z; = 0 for j € L and z; = C(V'); for j € H. This is because
any z satisfies the above condition if and only if z + 2* satisfies the conditions in

Lemma (.19l

Let us now define the following vector spaces: Vo = {C(¥') : (v*,V') = 0},
Wy = {C¥) : (v*,b) =0,C(); =0Vj € L}. Note that Wy C Vg, and these are
both linear subspaces. We let V3~ and Wy denote their corresponding dual subspaces
(Definition 5.5)).

By|Fact 5.6, (Vi )cp are the set of local constraints defining Vo|z, and similarly

for (Wg)cy and Wy|g. We will refer to these subspaces often, and so we let V :=

(Vo)cr and W= (Wg)cn.

A key fact that we will use is that ((Vg)cg)|z = W. This is immediate by
definition, as (Vi)cq is the set of local constraints that defines Vo|g, and when we
enforce C'(V'); = 0 for all j € L, the restriction of any constraint in Vo|¢ to the set H

is a local constraint in Wy on the subset H = @ \ L. For notational convenience, we

will let U = (V5)cq, so that Uly =W, and Ucy = V.
We now show the following two claims, which together imply
Claim 7.20. Pr,. p[3V" s.t. z = C(b")|g A (v*, ") = 0] > |F|~dmOV/V),
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Claim 7.21. dim(W/V) < min(|H|, |L|).

Indeed, |Claims 7.20|and [7.21|imply that Pr,. o [30" s.t. z = C(0")|gA(v*,0") =
0] > |F|~min(HLILD which we have already shown suffices to prove [Lemma 7.19, [

Proof of [Claim 7.20. By definition of the subspace V,, we have that w = z|g is

uniformly distributed over Vy|y. By definition of the subspace Vy, we have that z
satisfies the desired condition if and only if w € Wy. Thus, Pry.v,|, [w € Wo|u] >
|F|~* where ¢ is the number of “independent checks” in W that are not in V. We have

that ¢ = dim(W/V), which gives us the claim.

More formally, let v, ... 7@ be vectors in W that are linearly independent
in W/V (and hence also linearly independent in W). By definition of W/V, any r € W
can be expressed as s—i—ZjeT r@), where s € V. Now, w satisfies (w, s) =0, and hence
if (w,r") = 0 holds for all j € [d], then (w,r) = 0 for all » € W. Finally, observe
that because r™V, ... r® are linearly independent in W/V, the elements (w, ")) are
independent and uniformly random from F when w < V[. Hence, the probability

that (w, 7)) =0 for all j € [t] is at least |F|~". O

Proof of [Claim 7.2 Because V,' W are subspaces in FZ it follows that dim(W/V) <
dim(W) < |H|. Thus, it remains to prove that dim(W/V) < |L|, which is the
nontrivial case.

This proof uses the following key fact that we established earlier: U|y = W
and Ucy =V, where U C F¥ is a subspace.

Suppose that dim(W/V) > |L| + 1. Let d = |L| + 1, and let 7V, ... 7@ be
elements of W that are linearly independent in W/V. Because W = U]y, for each
j € [t], there exist sV ... s@ € F? with supp(s¥)) C L such that r¢) + s() € U
and supp(?"(j) + s(j)) C H. Now, because sV, ... 5@ are in F¢ and have support

contained in L, they lie in a subspace of dimension at most |L|, and since d = |L| + 1,
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they must be linearly dependent. Hence, there exist aq,...aq € F, not all zero, such

that Z;l:l ;s = 0 in F?. We then have that

d d d d

S ar® = 3 a9 4 50) = 3 s = 3y (r0) + 500).

Jj=1 Jj=1 J=1 Jj=1

Now, because supp(r") + s)) C H for all j, this implies that supp(Z?:1 a;(r +
sU))) C H also, and therefore Z;Zl a;(r? + s)) is an element of U whose support is
contained in H, i.e., an element of Ucy = V. Hence, Z;l:l a;(r? 4+ sW) € V. Tt thus
follows that 2?:1 a;(r? 4+ s)) is 0 in W/V, and hence Z?Zl a;r0) is also 0 in W/V.

Therefore, r™, ... 7@ are linearly independent in W/V, which proves the claim. [J

7.4 Query-Preserving Goldberg Transformation

Up to this point, we have assumed that our RLDC or RLCC has a local
decoder /corrector which has perfect completeness (always returns the right answer
for a valid codeword) and which is nonadaptive (the local view is sampled before
any queries have been made). We may assume that such a decoder has a canonical
behavior, as we showed in [Fact 5.15] and we rely on this structure in our proofs.
However, what if we begin with an RLDC or RLCC with a local decoder that has im-
perfect completeness, adaptivity, or both? Goldberg’s transformation [Gol23a] shows
that such a decoder can be transformed (potentially inefficiently) into a nonadaptive

decoder with perfect completeness:

Theorem 7.22 ([Gol23a]). Every linear RLDC or RLC(F| has a nonadaptive decoder

with perfect completeness:

1. If C: F* — F" is a linear systematic (q,9,1 — ¢,8)-RLDC, then C is also a
(¢+1,0,1,s 4+ €)-RLDC with a nonadaptive decoder.

8]|Gol23al only proves this theorem for binary codes, but the proof easily extends to all finite
fields.
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2. If C: F* — F™ is a linear (q,0,1—¢,s)-RLCC, then C is also a (q+1,6,1, s+¢)-
RLCC with a nonadaptive decoder.

We can use this theorem to lift our lower bound to general linear RLDCs and
RLCCs. However, the extra query (from g to g + 1) is very costly for our purposes.
In particular, it would imply that the lower bound in (Corollary 7.7| only applies
to 2-RLDCs with imperfect completeness, rather than 3-RLDCs. As discussed in
[Section 7.1] this extra query has a substantial impact on our results. To avoid losing
this query, we give an modified analysis of the main result of [Gol23a] that does not
lose this additional query. In doing so, we will lose slightly in the soundness error.

We also do not need C' to be systematic, which was required in [Gol23al.

Theorem 7.23 (General form of [Theorem 7.12). If C': F¥ — F" is a linear (q,5,1 —
e,8)-RLDC, then C is also a (q,0,1,s+ (24 1/(|F| —1))e)-RLDC with a nonadaptive

decoder. The same result holds for RLCCs.

We will rely on the lemmas and proofs from [Gol23a] and point out where
we differ. To begin, we can model any adaptive randomized relaxed local decoderﬂ
Dec(i) as a distribution over decision trees I' <— D(i), where vertices are labeled
with query indices from [n] and edges are labeled with the symbols read from those
query indices. Then, each leaf ¢ in each tree I' corresponds to an ordered query tuple
@ and a corresponding string ¢ € F?. Every leaf / is labeled with a symbol from
FU{L}, which is the value returned by the decoder. With this in mind, the Goldberg

transformation is based around relabeling leaves and rerandomizing the input.

7.4.1 Relabeling leaves

We first modify the decoder for each i € [k] to shift the input by a uniformly

chosen codeword C'(b) (and then subtract b; from the answer if it is not L); this gives

9This entire section will be written in terms of RLDCs, but the same proof works for RLCCs.
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a new decoder Decr with the same parameters as the initial decoder. Next, every
decision tree leaf which contributes to the completeness error needs to be relabeled.
For each i € [k], these are the leaves in trees I' € supp(D(i)) which are reached by
some uncorrupted codeword C(b) but which are not labeled with b;. Goldberg shows
that changing the label of this leaf to b; trades completeness error for soundness error,
and we can iterate this process to get an adaptive relaxed local decoder with perfect

completeness. The input rerandomization is crucial to make this lemma work.

Lemma 7.24 (leaf relabeling, [Gol23al, Claim 18]). Let Decg(i) be the rerandomized
decoder for index i, and let Dec’y(i) be the same decoder with a single leaf of a single
decision tree relabeled as described. Then, if Decg(i) has completeness error € and
soundness error s, and Dec’r(i) has completeness error € and soundness error s,
then

s —s<e—¢.

There is a critical aspect to this relabeling step that we have so far overlooked.
What if, for some ¢ € [k], there is a leaf ¢ corresponding to queried values (@), o) where
the i-th message index is linearly independent of the indices in @ (Fact 5.7)7 This
means that the decoder receives absolutely no information about the i-th message
index from its queries, even if all of the queries match an uncorrupted codeword.
Thus, there is no fixed label we can give to this leaf to reduce completeness error.

Call these leaves tozic.

Definition 7.25 (Toxic leaves). A leaf (Q), o) of a decision tree I' in the support of
D(i) is tozic if there exist codewords C(b), C'(V') such that C(b)|g = C(V)|q = o,
but b; # .. By the local view ) does not give any information on the i-th
index — for any local view and any codeword, there are |F| — 1 other codewords, one
for each possible symbol, which look identical on the local view yet differ on the i-th
message index. On the other hand, if a leaf is non-toxic, then by the i-th

message index for any codeword is completely determined by its restriction to Q.
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7.4.2 Isolating toxic leaves

Goldberg disambiguates toxic leaves by adding one extra query to retrieve the
value of the desired symbol (this is also why the RLDC must be systematic, so that
b; is part of C'(b)). This is the query that we wish to save in . To avoid
losing this extra query, we will isolate the toxic leaves by first relabeling all non-toxic
leaves, so that all of the remaining completeness error is caused only by toxic leaves.

Then, the following lemma shows that toxic leaves are rarely chosen:

Lemma 7.26. Let Decg(7) be the rerandomized decoder for index i after all non-toxic
leaves have been relabeled. Suppose it has completeness error € which is caused only
by toxic leaves. Then, for all b € F*,

||

Pr[Decg(b) (1) ends on a toxic leaf] < =1 -

E.

Proof. Intuitively, the best possible behavior on a toxic leaf is to guess a random
symbol from F, in order to minimize the worst-case completeness error across all
codewords. The probability of guessing correctly is 1/|F|, and so we should get a
IF|/(|F| — 1) factor relative to e.

Formally, pick |F| messages b',. .., bl where b/ has i-th symbol j € F. All of
these codewords have the same completeness error because Decg (i) rerandomizes the

input. We then have

€= Pr[Decg(b) (i) # b] = Z Prlleaf ¢ chosen] - Pr[Decg(b)(i) # b; | leaf ¢ chosen]

toxic leaves /¢

Because Decp rerandomizes over the input and all of the &’ are codewords, the prob-

ability of picking each particular leaf is the same for all of the different messages.
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Hence,

|Fle = ZPr DecR (® )( ) # ]

J

= Z Pr[leaf ¢ chosen] - <Z Pr| DecS! R ) £ b | leaf ¢ chosen])

toxic leaves ¢

= Z Prlleaf ¢ chosen] - #{a € F : £ is not labeled with o}

toxic leaves ¢

> (|F| — 1) - Pr[toxic leaf chosen] . O

We now know how often toxic leaves are selected by the decoder, which will
help us remove them from the query distribution later on. For now, however, we can
relabel them to make additional queries and achieve perfect completeness. When the
decoder ends up on a toxic leaf, run a global decoding subroutine which queries the
entire input and decodes the i-th message index; this shifts the remaining complete-
ness error to soundness error using [Lemma 7.24, We use global decoding to avoid
requiring that the RLDC is systematic, which was necessary in the original proof of

Goldberg. In summary, we have shown the following transformation:

Proposition 7.27. Let C: F* — F" be a linear (q,0,1 — ¢,8)-RLDC (or RLCC).
Then, C' has an adaptive relaxed local decoder (or corrector) with perfect completeness
and soundness error at most s+<. This decoder, when given a valid codeword as input,
selects a non-toxic leaf (and makes q queries) with probability > 1 — (|F|e)/(|F| — 1),

and selects a toxic leaf (and makes n queries) otherwise.

7.4.3 Removing adaptivity and pruning toxic leaves

Lastly, Goldberg removes adaptivity by showing that we can evaluate the
decision tree distribution on a uniformly random codeword to determine the index
set to query. Now that the queries are nonadaptive, we can condition on not picking

a toxic leaf, which adds a bit more soundness error.
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Lemma 7.28 ([Gol23a, Lemma 20]). If C' has an adaptive relaxed local decoder Dec
with perfect completeness and soundness error s, then C' has a nonadaptive and
canonical relazed local decoder with the same completeness and soundness, by selecting

a uniformly random codeword ¢ and simulating Dec on ¢ to determine its query set

Q.

Proof of |[Theorem 7.25. Using |Proposition 7.27, we can start with C' which is a
(q,6,1 — ,5)-RLDC and get a relaxed local decoder with perfect completeness and

soundness error s + €, and which selects a relabeled toxic leaf with probability at
most p = (|Fle)/(|F| — 1). Then, use to get a nonadaptive decoder with
the same completeness and soundness. Finally, modify the query distribution to
condition on never selecting a toxic leaf; the perfect completeness is unharmed but
the soundness error will increase from s+ ¢ to (s +¢)/(1 —p) < s + € + p, which
is s +¢(2|F| — 1)/(JF| — 1). Now, we are also guaranteed that the decoder makes ¢
queries, which finishes the proof. n

7.5 Constructions of Small Query RLDCs/RLCCs That Are
Not LDCs

In this section, we give a simple family of explicit codes that are g¢-
RLDCs/RLCCs where ¢ is a small, explicit constant, and are not ¢-LDCs for any

constant gq.

Theorem 7.29 (Formal [Theorem 7.14)). There is a linear code C: F5 — FY where
N = kOUoglogk) sych that for some constant § > 0, C is: (1) a (15,6,1,1/3)-RLDC;
(2) a (41,0,1,1/2 —€)-RLCC for a small constant € > 0; (3) a (58,9,1,1/3)-RLCC;
(4) not a (O(log k), O(N~Y3),1,1/2 —¢)-LDC for any (including subconstant) € > 0.

We will prove [[heorem 7.29) in the next 3 subsections. In [Section 7.5.1 we

will define our code. Then, in [Section 7.5.2] we will prove that it is an RLDC, and

134



in [Section 7.5.3] we will prove that is an RLCC. Finally, in we will prove
that it is not an LDC.

7.5.1 The construction of the code

In this section, we will define the code C' in [[’heorem 7.29| Let t € N and let

F2¢ be the finite field with 2! elements. We recall the following basic facts about finite
fields.

Fact 7.30 (Finite field notation). Let For be the finite field with 2° elements. The
field For 1s an Fy-vector space of dimension t, and therefore there is an Fo-linear
isomorphism 7: Foe — FL. The map w depends on the choice of basis for Far, which

we will view as fixed in advance.

For any o € For and i € [t], we let w(«); denote the i-th coordinate of «.
Because multiplication by « s an invertible Fo-linear transformation in For, there
exists a t x t matriz M, € F5*" such that for any B € For, 7Y (M,m(B)) = afB. In
particular, for each o € Foe and i € [t], there exists v € FYy such that for any B € Fa,

(v,7(8)) = m(aB)i.

The code C' is defined formally via its encoding map. We will first define the

linear subspace of codewords, and then explain how to define the encoding map.

Let n,d € N be parameters with d < 2, and let k = (7)) = Zj:o ("). Let
f:F5, — Fa be a polynomial of degree at most d in n Vari;bles Z1y...,%y. For
each line L in F%,, let S;, be an arbitrary (ordered) subset of L of size d + 1. For
a collection of field elements (a1, ...,aq11) € ngl, we let Had(aq, ..., aqy1) be the
encoding of these field elements using the Hadamard code over Fy and the map .
That is, Had(av, ..., ag1) is a vector of length 2491 where entries are indexed by

v=(v1,...,v451) € FX and the v-th entry is S g, w(aw)).

With the above setup, we can now specify the set of codewords. For each

polynomial f: F, — For of degree at most d, we obtain a codeword by encoding the
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function f via the bit-wise concatenation of Had(f(S)) for each line L. That is,
the codeword corresponding to f has, for each line L, a block of 24%*+1 bits that is
Had(f(SL)), so that we can view the codeword as a collection {Had(f(S.))}, indexed
by all lines L in [F,.

Setting parameters. The set of codewords is clearly an Fs-linear subspace, and

.9t(d+1)
n FQ#L 2

<d
where #L = 2(2" — 1)/(2/(2" — 1)) is the number of lines in F},. To minimize

the blocklength as a function of k, we take d = O(n) (which forces t = O(logd) =
O(logn), as we need 2 > d), so that k = 29" and the blocklength is 20(mlosn),
Hence, the blocklength is kOUoglogk)

it has dimension tk, where k = ( ) Moreover, it is a linear subspace in

?

Choosing an encoding map. To finish defining the code C', we need to specify
the encoding map. To do this, we first choose an arbitrary Fa:-linear map A from
%, to the set of degree < d polynomials f with the property that there are elements
M . x®) € Fy such that if f = Ab for b € Fy, then f(z®) = b; for all i. We can
then extend A to a map from FY to the set of degree < d polynomials by splitting the
input into k& blocks of size ¢, applying the linear map 7! on each block,
applying A to the output, and then applying m to each field element in the evaluation
table of the resulting polynomial f.

As we will show, our RLDC decoder, when given access to a corrupted version
of the codeword corresponding to the polynomial f, will be able to recover m(af(x));
for every a € Fyr, x € F},, and any i € [t]. As a result, the specific choice of encoding

map A specified above is not important.

Comparison to [AS21]. Our construction shares some similarities to the work
of [AS21]. Similar to our construction, they first use a Reed-Muller code to encode
a message as a polynomial f, and then they encode each “local view” of f in some
way. Their “local views”, however, are a special set of planes P that have “directions”
in H", where H is a subfield of F. They then encode f|p for each plane P using a
canonical correctable Probabilistically Checkable Proof of Proximity (ccPCPP). Their
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decoder then takes certain random walk of length [F : H] + 1 on the special planes P,

and uses the ccPCPPs to decode values of f and do consistency checks.

In contrast, we encode f by encoding its “local view” f|; for every line L
using the Hadamard code. As we shall see, our RLDC decoder takes a random walk

of length 2 on the lines, and our RLCC decoder takes a random walk of length 3.

An observation about C. Finally, we make some observations about C', which

will be useful in the proofs.

Observation 7.31. Fix a line L. For any z € L, any o € Fy, and any i € [t], there
exists a point vE#e¢ € FXY such that Had(f(Sp))(v2**) = m(af(z));. That is,
for any i € [t], one can recover the i-th bit of - f(z) using the Hadamard encoding

of (only) d + 1 points Sy, on the line L.

The point v1*%% should be interpreted as: to recover the i-th bit of af(z) using the
Hadamard encoding of f|;, we query the Hadamard encoding of f|; at the point

UL,z,a,i'
Proof. Let z1,..., 2411 be the points in Sp. Because f is a degree d polynomial and
d < 2 = |F4|, by polynomial interpolation, there exist coefficients oy, . .., agy € For

such that f(z) = Z;lj a;f(z;). Therefore, w(af(z)); = Z;lill m(aa,f(z4));. For
each j, let v/ be the i-th row of Maa,, the matrix defined in . The vector
v’ then has the property that (v/,7(8)) = 7(aq;3); for all B € Fa, and therefore
m(aa;f(z;)); = (v, 7(f(z;))). Concatenating the vectors v’ together yields the vector

,UL,z,oz,z' ]

7.5.2 The RLDC decoder and its analysis

In this subsection, we prove Item (1) in [Theorem 7.29, where the code is

defined in [Section 7.5.71

137



Proof of Item (1) in|Theorem 7.29 To show that the code is an RLDC, we will an-
alyze the decoder defined below.

Algorithm 7.32.

Given: A collection of functions {Gp}. where each Gp: IF';(dH) — Fq is an ar-

bitrary function, along with a point x* € Fy,, a field element o € Fy,
and an index i* € [t]. The collection {Gp}L is supposed to be equal to
{Had(f(SL))}r for some polynomial f of degree < d.

Output: A symbol in {0,1, L}, hopefully equal to m(a* f(x*));.
Operation:

(1) Choose a line L* containing x uniformly at random.

(2) Run r| linearity tests on Gp.: pick random vV, v® v® ¢ FLHD

and check that G- (v)) 4+ G« (v@) + G- (v®) = 0. If the check fails,
output L. Repeat r{ times.
(3) Run ry consistency tests:

(a) Picky € L* uniformly at random, o € Foe uniformly at random,
and i € [t].

(b) Locally decode w(af(y)); from Gpr.: let v2¥®% be the vector
fr0m|Observati0n 7.3’]|. Let v ¢ Fé(dﬂ) be chosen uniformly at
random. Let ap- = Gp- (v ¥ +v@®) 4 Gp.(vW).

(¢) Locally decode mw(af(y)); from G : choose L' to be a uniformly

random line containing . Let v* %% be the vector fmm
tion 7.31 Let v® ¢ Fg Y pe chosen uniformly at random. Let

ap = Gp(v¥ vt 40O + G (v®).
(d) Consistency check: check that ar~ = ap and output L if the
check fails.
(e) Repeat ry times.
(4) Locally decode w(a*f(z*))y from Gr.: let v1"%"2"7 be the vec-
tor from |Observation 7.31, Let v ¢ F;(dﬂ) be chosen uniformly at
random. Output G- (vl 4+ 9O)) + Gp. (v©®).

In the above algorithm, r; and ry are positive integers, which we will choose later.

First, we observe that by |[Observation 7.31| |Algorithm 7.32] returns
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m(a*f(x*)) for any input (z*,a*,i*) if the collection of functions is indeed
{Had(f(SL))} L for some polynomial f of degree < d. We note that, under our choice

of encoding map, the message bits correspond to evaluations of f on specific points,

and so this allows us to recover any bit of the message. Thus, [Algorithm 7.32| has

perfect completeness. We also note that [Algorithm 7.32| makes 3ry + 4r, + 2 queries,

though we will explain how to slightly reduce the query complexity later.

We now analyze the soundness error of [Algorithm 7.32] For each line L, let

H; be the closest linear function to Gy. Given a linear function Hj, there is a
unique univariate degree d polynomial hy on the line L such that for each z € L,

a € Fy, and i € [t], m(ahy(2)); = Hp(v**"). The polynomial hy, is simply defined

by “extracting” the values of hy on Sy using [Observation 7.31| and then defining hy,

on the rest of the line using polynomial interpolation. We let F, be the linear function
Had(f(SL)), and we define f1, to be the polynomial f|,. We note that the process
used to obtain hy from Hj, yields f, if H, = F. For two Boolean functions Fj, and
G, we let dist(Fp, G1) denote the (relative) Hamming distance over Fy, and for two
polynomials f;, and gr, we let dist(f,gr) denote the (relative) Hamming distance

over Fo, i.e., the fraction of x € L such that fr(z) # gr(x).

We will split our analysis into the following disjoint cases, and bound the

probability that decoder errs in each case.

(1) Therandom line L* through z* is “bad”, in that Eppnp«>12+¢r [dist(Gr, F1r)] >
§%/3,

(2) fL* # hL* and EL’:|L’OL*‘217$*¢L’[diSt(GL’7FL’)] S (52/3, but bOth the repeated

linearity test and the repeated consistency test pass.

(3) fr~ = hr«, but the repeated linearity test passes and the output is 1 —7(a* f(z*));«
(i.e., not in {m(a* f(z*))s, L}).

Analysis of Case 1. Recall that the collection {G}y is d-close to {Fp}r. Equiv-

alently, this means that E[dist(G, F1)] < 0. Since L* is a uniformly random line
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passing through x*, and L’ is a uniformly random line passing through a random
point y # z* on L*, it follows that L’ is distributed as a uniformly random line.
Therefore, Er[Ep . pnr>1,00¢r[dist(Gr, F1)]] = 6. It follows by Markov’s inequality
that the probability over L that Epr . pnp>1 . ¢r [dist(Gr, Fr)] > §%3 is at most §*/3.

Analysis of Case 2. Let ¢ = dist(G+, Hr+). Recall by [Fact 5.21] the probability
that one iteration of the linearity test passes is at most 1 — dist(Gp+, Hp«) = 1 — €.

Hence, the probability that all r; repetitions pass is at most (1 — €)™

Let us now analyze one iteration of the consistency test. Call the line L’ chosen
“bad” if diSt(GL/7 FL’) Z (51/3. Since EL/I‘LIQL*|ZLI*¢L/ [diSt(GL/, FL’)] S 52/3, it follows
that the probability that L’ is “bad” is at most §'/3.

Let us proceed assuming that L’ is not “bad”. Then, since Fj, is a lin-

ear function, by [Fact 5.22| and [Observation 7.31] it follows that a;, is equal to
m(afr-(y)); (which is 7(af(y));) with probability at least 1 — 20'/3. Similarly, be-

cause dist(Gp+, Hp+) = €, it follows that ap« is equal to m(ahr«(y)); with probability

at least 1 — 2. Moreover, this holds regardless of the choice of o and 1.

Finally, because fr+ # hy« and these are different degree d polynomials, the
probability that fr«(y) # hr«(y) is at least 1 — d/n. And, if such a y is chosen, the
probability that 7(afr(v)); # m(ahr(y)); is 1/2, as afr-(y) — hr+(y)) is a random
element of Fy, and so its i-th bit is 1 with probability 1/2.

Thus, we can conclude that each round of the consistency test passes with
probability at most 6% + d/n + (1 — d/n)(3 + 1(26'/® + 2¢)). Since the tests are
independent, we conclude that the probability that all rounds of both tests pass is at
most (1 — &)™ (03 +d/n+ (1 —d/n)(: + 63 +¢))".

Analysis of Case 3. By the previous analysis, the probability that all linearity

tests pass is at most (1 — €)™, where € = dist(G+, Hp-). By [Fact 5.22] the output is
m(hr+(z*));+ with probability at least 1 — 2¢, which is 7(fr«(x*));» = w(f(x*));» since

hr+ = fr+. Thus, the probability that the decoder outputs an incorrect answer is at
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most (1 — &)™ - 2¢ in this case.

In total, we conclude that the probability that the output of the decoder is
not in {7 (f(z*));, L} is at most

n(e) = max{d'3, (1 — &) (Y3 +d/n+ (1 —d/n)(1/2+ 63 +))7, (1 — &) - 2¢},

where ¢ = dist(Gp«, Hp+). Setting r1 = 1o = 2, § and d/n to be sufficiently small
constants, and taking the maximum over all € shows that n < %— ¢’ for some constant
/

¢’. In fact, by taking § and d/n to be sufficiently small constants, we can make

n=(3/4)*+ " <1/3 for a small constant ”.

The query complexity is 3r; + 4r, + 2 = 16. Below, we shall explain how to

save one query.

Saving a query. Observe that in the above analysis, we analyzed Cases (2) and (3)

separately. This allows us to “recycle” our queries across the different cases. Namely,

we observe that in Item (3b) in [Algorithm 7.32] it holds that v is chosen uniformly

at random. Because we do not use the consistency test to analyze Case (3) above,
we can reuse this query by taking v(® = v® and the analysis does not change. This

allows us to make the query complexity slightly smaller: 3r; + 4r, +1 = 15. [

7.5.3 The RLCC decoder and its analysis

In this subsection, we prove Items (2) and (3) in [Theorem 7.29 The key

difference between the RLCC decoder and RLDC decoder is that the RLCC decoder

may be asked to decode an arbitrary point v € IFg(dH) on the Hadamard encoding of

some line L*. Unlike in the case of the RLDC decoder, where the point v corresponded
to decoding 7(f(x)); for some point z and some index ¢, here the point v might not

correspond to any evaluation point of the polynomial f.

Proof of Items (2) and (3) in|Theorem 7.29. To show that the code is an RLCC, we

will analyze the decoder defined below.
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Algorithm 7.33.

Given: A collection of functions {Gr} where each G : ]F;(dH) — Fy is an arbi-

trary function, along with a point v* € Fg(dﬂ) and a line L*. The collection
{GL}1 is supposed to be equal to {Had(f(SL))}r for some polynomial f of
degree < d.

Output: A symbol in {0,1, L}, hopefully equal to Had(f(SL+))(v*).

Operation:

(1) Run r| linearity tests on Gp.: pick random vV, v® v® ¢ FLHD
and check that Gp-(vW) +Gp-(v®) + G- (v®) = 0. If the check fails,
output L. Repeat r{ times.

(2) Run ry consistency tests times:

(1) Picky € L* uniformly at random, o € For uniformly at random,
and i € [t].

(2) Locally decode (o f(y)); from Gp-: let v2¥®% be the vector
fr0m|Observati0n ’7.3’1|. Let v € Fg(dﬂ) be chosen uniformly at
random. Let ap- = Gp-(v ¥ +v@®) 4 Gp.(v@W).

(3) Locally decode w(af(y)); using the RLDC decoder: Run
the RLDC' decoder in |Algorithm 7.39 to recover w(af(y)):. If
the RLDC' decoder outputs L, then abort and output 1. FElse,
let agipc € {0,1} be the output of the RLDC' decoder.

(4) Consistency check: check that ap+ = arppc and output L if
the check fails.

(5) Repeat 1o times.

(3) Locally decode Had(f(Sp:))(v*) from Gp-: Let v® € F{™ pe
chosen uniformly at random. Output Gp«(v* + U(G)) + GL*<U(6))-

The analysis of [Algorithm 7.33|is similar to the analysis of |[Algorithm 7.32, Below,
we will reuse the same notation as done in Section 7.5.2l The fact that the decoder

has perfect completeness is straightforward, and so we proceed with analyzing the

soundness error.

As before, will split our analysis into disjoint cases, and bound the probability

that decoder errs in each case.
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(1) fr+ # hr+, but both the repeated linearity test and repeated consistency test

pass.

(2) fr~ = hg«, but the repeated linearity test passes and the output is
1 — Had(f(Sr+))(v*) (i-e., not in {Had(f(S+))(v*), L}).

Analysis of Case 1. The probability that all r; repetitions of the linearity pass
when dist(Gp+, Hp+) = € is at most (1 — &)™ by [Fact 5.21

Let us now analyze one iteration of the consistency test. Because fr+ # hp-
and these are different degree d polynomials, the probability that fr(y) # hp«(y)
is at least 1 — d/n. Suppose that such a y is chosen. Then, the probability that
m(afr(y)); # m(ahp(y)); is 1/2, as a(fr-(y) — hr<(y)) is a random element of Fy,
and so its i-th bit is 1 with probability 1/2.

Let us assume that y, « and i are “good”, meaning that w(afr«(y)); #
m(ahr(y));. Because dist(Gr«, Hr+) < ¢, it follows that ar« is equal to w(ahr«(y));
with probability at least 1 — 2¢. Moreover, this holds regardless of the choice of «

and 7.

We now invoke the soundness of the RLDC decoder. The RLDC decoder
either outputs the correct bit m(afr(y));, or else it outputs L, with probability at
least 1 — nrpc for some constant nripc. Hence, the probability that the RLDC

decoder outputs the wrong bit is at most nrrpc.

Thus, the probability that one round of the consistency test passes is at most
d/n+3(1—d/n)+1(1—d/n)(nripc + (1 — nripC)2¢). Because the consistency test

and linearity tests are independent, the total probability of all tests passing is at most

(1 — 5)7"1 (d/n —+ %(1 — d/n)(l + T'RLDC =+ (1 — nRLDC)2€)> ) .

Analysis of Case 2. The probability that all r; repetitions of the linearity pass
when dist(Gp«, Hp+) = € is at most (1 —¢)™ by|Fact 5.21| By [Fact 5.22| the output is
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hr«(v*) with probability at least 1 —2¢, which is Had(f(SL+))(v*) since hp« = fr«. As
these are independent, the probability that the decoder outputs an incorrect answer

T1

is at most (1 — &)™ - 2¢ in this case.

In total, we conclude that the probability that the output of the decoder is

incorrect is at most

7](5> = maX{(l—g)rl (d/n + %(1 — d/n)(l + NrRLDC + (1 — nRLDC)Qg))TQ ’ (1_5)7“1.25}

where ¢ = dist(Gp«, Hp+). Recall that nripc < 1/3 provided that ¢ is a sufficiently
small constant. Hence, setting r; = ro = 2, d/n to be a sufficiently small constant,
and maximizing 7(e) over all £, we see that the maximum is at most 5 +¢” < 1/2 for
some sufficiently small constant &”.

Setting r; = 2 and ro = 3, we get that n < (2/3)® +&” < 1/3 for a sufficiently

small constant €”.

The query complexity of the decoder is 3r; 4+ (2 + grLpc)72 + 1 (using the trick
to reduce the query complexity by 1 from [Section 7.5.2)). Since grrpc = 15, this yields

41 queries for the case of soundness error below 1/2, and 58 queries for the case of

soundness error below 1/3. O

7.5.4 The code is not an LDC

In this section, we prove Item (4) in [Theorem 7.29| i.e., that the code con-

structed in Section 7.5.11is not an LDC.

Proof of Item (4) in|Theorem 7.29. Recall that the code is defined as follows. For

each degree < d polynomial f: Fj, — Fy in n variables, we encode f by writing
down Had(f(Sy)) for each line L in F3,, where we have set d = ©(n), t = O(logd) =
©(logn), and we have k = ¢()). The blocklength of the code is N = #L - 2!+,
where #L = 2/"(2"" — 1)/(2'5(2;— 1)) is the number of lines in F7,. We will show that
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Cis not a (q,0,1,1/2 — ¢)-LDC for any £ > 0 (that need not be constant) for ¢ = d
and 6 = 27"("1_ Note that ¢ = d < O(logk) and 6§ = 27=1) < O(N~Y/3),

Setup. To show that the code is not a (d, 27" 1,1/2 — )-LDC for any € > 0, it
suffices to show that for any d-query LDC decoder Dec and any choice of a* € Fo,
x* € FY,, and i* € [t], there is a collection of “local encodings” {hy}, that is 9 nlt=1)_

close to a codeword {Had(f(S;))}, such that Pr[Dec!"#r(a*, 2* i*)] = 2.

First, we observe that it suffices to argue this in the erasure error model, as
opposed to the standard Hamming error model. In the erasure model, we corrupt a
codeword by replacing a bit in the encoding with an error symbol | to signify that
the bit has been erased. That is, the outputs of the “local encodings” h; can only
agree with Had(f(SL)) or be L. Clearly, if a decoder works in the standard Hamming
error model, then it also works in the erasure error model, as we can simulate the
Hamming error model by replacing any | symbol by a 0. Hence, it suffices to argue
that there is no decoder in the erasure error model. In fact, it suffices to argue this
even in the following weaker “line erasure error model”, where we are only allowed
to erase entire lines. That is, for each line L, we either have h;, = Had(f(S.)), i.e.,

they are the same function, or hy = L, i.e., the entire function outputs L.

Now that we are working in the line erasure error model, we will strengthen
the decoder by allowing it to make “line queries”. That is, instead of allowing the
decoder to make one query to retrieve an evaluation of hy, for a line L and evaluation
point of its choice, we will instead allow the decoder to make “line queries” where the
decoder reads the entire evaluation table of a function h; with one “line query L”.
(Clearly, any g-query decoder in the standard query model can be simulated in the line
query model with < g queries, as any query to a specific evaluation of a local function
hr can simply be replaced by a query to the entire line L. Notice that since the
decoder makes line queries and each local function Had(f(Sy)) is either completely
replaced with L or is untouched, we may further assume that the decoder receives f|r

when it makes the line query L, as opposed to Had(f(SL)), as it can simply compute
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Had(f(Sg)) from f|.. Thus, we will view the decoder as having “line query” access
to the polynomial f, where for every line it either receives f|, (the entire line) or L
(if the line has been erased). For a set of erased lines £, we will use the notation
Dec/* to indicate that the decoder has line query access to the function f on all lines
except those in £. Namely, if the decoder queries a line L and L € £, then it receives

1, and otherwise it receives f|L.

Lower bound against “line query” decoders in the erasure model. We will
now show the following. For any “line query” decoder Dec making at most d queries
and for any a* € For, 2* € F},, and ¢* € [t], there is a set of -fraction of lines £ that
can be erased such that E¢[Pr[Dec”* (a*, 2*,i*) = w(a* f(2*));]] = 1, where the outer
expectation is over the random choice of the polynomial f and the inner probability
is over the randomness of the decoder. In particular, this implies that there exists
a polynomial f of degree < d such that Pr[Dec”*(a*,2*,i*) = w(a* f(2*))]] < 3,

which will finish the proof.

Let us now argue the above claim. First, the set £ of lines will be all lines
L with x* € L, which we denote by L,-. We observe that the number of such lines
is (2" — 1)/(2" — 1), which is a § = 2= _fraction of all lines. As we permit the
decoder to be adaptive, the queries made by the decoder can be described as a depth
d + 1 decision tree (with d layers of internal “decision” or “query” nodes and one
layer of leaves or output nodes), where each decision node has a line L that will
be queried as well as a child for each possible evaluation table f|;, and the output
of the decoder is given by the leaves. Note that we may assume without loss of
generality that the decoder makes exactly d queries, so that the tree is a complete
tree with depth exactly d + 1. Furthermore, the decision tree is determined by the
input (o*, z*,4*) to the decoder and the choice 7 of the decoder randomness. That is,
for each input (o*, 2*,4*) and randomness 7, there is a tree (4« 4= ;» ) that determines
the queries that can be made when the decoder randomness is 7. We use the notation

Ta+ w#,i*r)(f, £) to denote the output of the tree Ty« 4+ ;) When given access to f
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on all lines not in £, which we note is equal to Decf’L(oz*, x*,i*;7), the output of the

decoder when the randomness is r. We thus have

Ey[Pr[Dec/ " (o*, a7, i) = m(a" f(2"))ir]] = Ef[Br[1(T(ar om0 (f, £) = m(a” f(27))ix)]]
= B [Ef[1(Ttar g o (f, £) = m(@™ f(27))ie)]]

using linearity of expectation, where the expectation over f is over a random degree

< d polynomial and the expectation over r is over the randomness r of the decoder.

We will now argue that for any decision tree T' of depth d 4+ 1 that does not
query lines in L, it holds that E¢[1(T(f) = m(a” f(z*)):-)] = 5. (Note that we can
replace T(qx o=+, With an equivalent decision tree that never queries lines in L)
This follows from the following observation, which we will prove at the end of the

subsection.

Claim 7.34. Let x € F5, and let Ly,..., Ly be lines in Fy, that do not contain x.
Then, there is a degree-q polynomial g: F%, — Fo such that g(y) = 0 for ally € U}_, L,
and g(z) = 1.

For a set of d lines Ly, ..., Lq, let g, 1, . 1, be the polynomial in

(which may not be unique, but we choose an arbitrary fixed one for each choice of
lines). Now, consider the following distribution: (1) sample f uniformly at random,
(2) let LY. Léf) be the lines queried by T'(f) (which are not in £,+), and (3)

defined since x ¢ Lgf ) for all i € [d], as Lgf )¢ L,.. We claim that this distribution is

simply uniform on degree < d polynomials, i.e., it is the same as choosing f uniformly

.....

.....

all y € U?ZlLZ(f), and so it follows that h agrees with f on all lines Lgf), e ,Lgf), and
hence the decision tree must follow the same root-to-leaf path for both h and f. In
particular, this also implies that T'(f) = T'(h) for all h € Sy. It thus follows that the

S}’s partition the set of degree < d polynomials into sets of size 2°. Hence, the above
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distribution simply first chooses a set S; in the partition uniformly at random, and
then chooses a random polynomial in Sy, which is the same as choosing a uniformly

random degree < d polynomial.

Now, to finish the argument, we have that

EU(T(f) = m(@™f(27)i)] = Ef[Enns, [Ep[1(T(R) = m(a™h(z"))s)]]]
1

= Ef[Ens, [Eg[1(T(f) = m(a”h(z"))i-)]]] = 2’

where the third equality uses that T'(f) = T'(h) for all b € Sy and the fourth inequality

uses that g . ) (z*) = 1, so that w(a*h(xz*));) is distributed as a uniformly
oLy

____ L
random bit when A < Sy.
Because the above argument holds for any decision tree T" that does not query

lines in £+, it follows that
Ef[Pr[DeCf’Lz* (a2, 0") = m(a” f(2"))i]] = Ep[Ep[1(Tar v iv ) (f5 Law) = w(a™ f(27))ix)]] = =

as T'(-,L,+) is a decision tree that cannot query lines in £,«. This shows that the
decoder’s success probability cannot exceed 1/2 in expectation over a random code-
word, and hence there exists a codeword where the success probability is < 1/2. This

finishes the proof up to the proof of [Claim 7.34], which we do below. n

Proof of [Claim 7.5]. We will first show that for any line L and any point ¢ L, there
is a degree-1 polynomial g, satisfying g, (z) = 1 and ¢, (y) = 0 for all y € L.
Let L = {a + \b} where a € F},, b € F, \ {0"}, and A € For. Since z ¢ L, there
exists v € F}, such that (z — a,v) # 0 and (b,v) = 0. Indeed, this follows because
x ¢ L implies that © — a and b are linearly independent, in which case the subspaces
span{b} and span{z — a, b} are distinct subspaces of dimension 1 and 2, respectively.
The vector v is simply any vector in (span{b})*\ (span{z—a, b})*, which is nonempty

since the two subspaces are distinct.

With the vector v, we now let g, 1(z) = (2 —a,v)/(x —a,v), which is a degree-

1 polynomial that is well-defined since (x — a,v) # 0. We have that g, 1(z) = 1, and
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for any y € L, i.e., y = a+ \b, we have that g, (a + Ab) = A\(b,v)/{z —a,v) = 0 since
(b,v) = 0.

Finally, to finish the proof, we simply take g, 1, .1, to be [T}, ¢a.L,- O

7.6 Lower Bound for Linear 2-RLDCs Over Any Finite Field

In this section, we extend to any finite field F, for the specific

case of ¢ = 2.

Theorem 7.35. Let C: F* — F" be a linear (2,6,1,s)-RLDC with a nonadaptive
decoder. Then, there exists a linear (2,6/2,1,5)-LDC C': F¥ — F" where k' >
k — |2/0] (and analogously for 2-RLCCs implying 2-LCCs). By [DSO07, Theorem
1.2], this implies that n > 2%(*),

[Theorem 7.35| thus extends the exponential lower bound of [BBCT23| for 2-

query binary RLDCs to arbitrary finite fields. It also extends the proof ideas to get
the corresponding result that 2-RLCCs give 2-LCCs. With [Theorem 7.23] we can
extend this lower bound to 2-RLDCs and 2-RLCCs with imperfect completeness and

adaptive decoders.

Corollary 7.36. Let C: F* — F™ be a linear (2,5,1—¢,s)-RLDC. Then, there exists
a linear (2,6/2,1, 54+ (24+1/(|F| = 1))e)-LDC C": F* — F™ where k' > k—|2/6] (and
analogously for 2-RLCCs implying 2-LCCs). By [DS07, Theorem 1.2/, this implies
that n > 2%%.s.e(k),

To prove [Theorem 7.35, we adapt the approach of [BBCT23] to show that
every linear 2-RLDC (or 2-RLCC) over any finite field must also be a 2-LDC (or 2-
LCC) Yl We will show that the relaxed local decoder has two “modes,” one of which

behaves like a non-relaxed local decoder, and the other which necessarily has poor

0Tn fact, assuming linear structure eliminates much of the casework necessary in [BBCT23|. It
would be interesting to extend this proof to nonlinear codes over large alphabets.
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soundness. Thus, if the 2-RLDC or 2-RLCC has decent soundness, we can eliminate
the latter case to build a 2-LDC or 2-LCC.

At a high level, we can use the structure of a linear code from [Fact 5.15
to argue that every local view of the decoder either looks like a Hadamard code
(“smooth” case) or a repetition code (“nonsmooth” case). Then, we can observe that

the latter case must have high soundness error, and so our 2-RLDC must essentially

be a Hadamard code, which is a 2-LDC.

7.6.1 Smooth (Hadamard code) vs. nonsmooth (repetition code) cases

Let Dec(:) be the relaxed local decoder (or corrector) for C' satisfying the
assumed decoding radius, completeness, and soundness parameters. Assuming that

the decoder is nonadaptive, we can assume that Dec?(i) behaves as follows:

1. Sample a query pair (j,¢) < Q; with a corresponding decoding function
PP FU{Ll}.

2. Query y at indices 7, ¢ and return the evaluation of f;’e(yj, Ye)-

Consider each query pair (7,¢) from the support of Q;.

e Suppose C' is an RLDC. Then we say that j is fized by ¢ if there is some o € F
such that C'(b); = ab; for all b.

e If C'is an RLCC, then we say that j is fized by ¢ if there is some o € F such
that C(b); = aC(b); for all b.

Let S; C [n] be the set of codeword indices fixed by i. Note that because the
encoding is linear, every j € [n] is either unfixed, or fixed by exactly one index. Then,

we can consider each case:
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1. If both j and ¢ are not fixed by 4, then the decoding function f;e cannot return
L, because C|; ¢ has dimension 2 and any local view can be completed to a
valid codeword due to |Fact 5.6 Thus, f;’z always returns a linear combination
of its two inputs, which behaves like the local decoder of a Hadamard code. This

is the “smooth” case described in [Section 7.2.11

2. If both j and ¢ are fixed by 4, then C|{;« has dimension 1. The truth table
of the decoding function f;, has exactly |F|* — [F| entries that are L. Because
both entries are multiples of the i-th message symbol, this local view looks
like a repetition code. This is necessarily the “nonsmooth” case because these

codeword indices only contain information on a single message index.

3. If j is fixed by 4 but £ is not fixed by 4 (or vice versa), then C|; ¢} has dimension
2 and so f;e never returns L. In addition, by perfect completeness, the decoding
function must take the form f;’e(yj, yr) = a ty;, and so it does not depend on
the -th symbol at all. Hence, we can treat (j,¢) as if it queried only j, which

is a repetition code case.

Thus, without loss of generality, either both queries are fixed by ¢ (and the
decoder essentially tests equality between two copies of i) or both are not fixed by
i (and the decoder cannot test and must always return a linear combination of the
two symbols). We can show that as long as |\S;| is not too large, the repetition code
case can be fooled with certainty (compare to the higher query case in ,
where the tests can be more sophisticated). This implies that the decoder has good
soundness when conditioned on choosing a Hadamard-like query case, where it never

returns L.

Claim 7.37. Suppose C is a 2-RLDC satisfying the premise of [Theorem 7.35 and
suppose 1 € [k] such that |S;| < on/2. Then, for all y such that A(y,C(b)) < on/2,

Pr[Dec?(i) = b; | Hadamard-like query case] > 1 —s.
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Analogously for a 2-RLCC C' and for i € [n] satisfying the same conditions,
Pr[Dec?(i) = C(b); | Hadamard-like query case] > 1 — s.

Proof. Let £ =7 € S; ANk € S; be the event of the “repetition code” case. We
will bound the behavior of the decoder conditioned on —FE (i.e., conditioned on the
Hadamard case) by tampering with y and introducing errors designed to completely
fool the repetition code case. We mildly reduce the decoding radius from ¢ to ¢/2
to give us the breathing room to introduce these errors, which are only used for the

analysis.

Begin by finding a codeword ¢ that differs in the desired symbol:

e If C'is a 2-RLDC, then let ¢ := C(b+ ¢;), so that it differs in the i-th message
symbol.

e If C is a 2-RLCC, let ¢ be any arbitrary codeword such that ¢; # C(b);; one

must exist unless C'|;; = {0"}.

Then, let ¥/ be the string formed by taking y and then setting y'|s, = c|g,, i.e., replace
the symbols at S; with those from c. Using the triangle inequality, A(y’, C'(b)) < on,

and so ¢/ is subject to the soundness error property of C':

e If Cis a 2-RLDC, then
1 — s < Pr[E] - Pr[Dec? (i) € {b;, L} | E] + Pr[=E] - Pr[Dec? (i) € {b;, L} | ~E].
o If Cis a 2-RLCC, then
1 — s < Pr[E] - Pr[Dec (i) € {C(b);, L} | E] + Pr[~E] - Pr[Dec” (i) € {C(b);, L} | ~FE].

However, conditioned on event F, our decoder Dec makes two queries to indices

in .S;, and hence sees a local view indistinguishable from ¢, which we purposely chose
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to trick our decoder. By the perfect completeness property, the decoder must return
b +1 # b; (or ¢; # C(b);) with probability 1. This gives a lower bound on the

conditional probability of the decoder returning the right answer:
1 — s < Pr[-E] - Pr[Dec” (i) € {b;, L} | =E] < Pr[Dec¥(i) = b; | -E],

or for a 2-RLCC, Pr[Dec?(i) = C(b); | =E] > 1 —s. We use two key observations

here:

1. Recall that y|pnps, = ¥'|m)\s;- Conditioned on —F, both queries are outside of

S;, and since '|s, = y|s,, we can replace y’ with y on the right hand side.

2. In addition, the decoder cannot return L because every possible pair of queried
values will agree with some codeword. Hence, Dec(:) must return b; (or C(b);)

to satisfy perfect completeness. n

7.6.2 Repetition case is rare

If |S;| < dn/2 for every i € [k] (or every i € [n]), then |Claim 7.37| would
prove that C'is a (2,0/2,1, s)-LDC (or LCC), because we can simply condition our

decoder’s query distribution to pick a Hadamard-like local view and get the required
soundness error property. This may not be true for every 7, but we can use a simple
counting argument to show that it holds for nearly all of the message indices i. Thus,
C' itself is not necessarily a 2-LDC (or 2-LCC), but it does “contain” a 2-LDC (or
2-LCC) with nearly the same parameters.

Claim 7.38. Let X = {i :|S;| > dn/2}. Then, | X| < 2/6.

Proof. Recall that a codeword index j cannot be fixed by two different (message for

RLDC or codeword for RLCC) indices. Thus, the sets .S; are mutually disjoint, so

01 X|n/2 <Y IS <n = |X]|<2/5.

i€X
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Note that the sets S; may not be mutually disjoint if the code is nonlinear. Indeed, in
this case a codeword index could be fixed by many different message indices, which

(for the binary case) requires a careful analysis in [BBCT23]. O

Now, we have the tools to prove [Theorem 7.35] We will remove the indices in
X from the code, either by fixing them to zero for the RLDC case or by adding linear

constraints setting them to zero for the RLCC case. Then, every remaining message

or codeword index either satisfies or has its value fixed.

Proof of [Theorem 7.35, Let k' := k — [2/0]. Let C' be the RLDC. Without loss of
generality, we may assume that X = {k' + 1K' +2,...,k}. Let C": F¥ — F" be
defined as C'(b) = C((b,0*"¥)), i.e., append k — k" = | X| zeroes to the message and
encode using C'. Then, every i € [K'] satisfies |S;| < 0n/2, and so gives
us a local decoder for all ¢ € [k’] which never returns L. This gives the required
(0/2, s)-soundness error property. The query complexity and perfect completeness
properties are inherited from the original decoder, showing that C” is a (2,6/2,1, s)-
LDC. Finally, we apply the 2-LDC lower bound of [DSO07, Theorem 1.2] which gives

Since |F| > 2, this implies

/
n > 2 = 90k

For C' which is an RLCC, take an arbitrary parity check matrix B € F(—*)xn
for C', and then add each e; € F™ for ¢ € X as rows to B. This defines a new code
C'" C C with dimension at least k" where the indices at X are always zero, and we
can pick an arbitrary basis to get the encoding map C’: F¥ — F». If i € [n] is not in
X, then it satisfies yielding a local corrector for 7 that never returns L;
if i € [n] is in X, we can now use a trivial local corrector that always returns zero.

Thus, C"is a (2,0/2,1, s)-LCC. O
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7.7 Linear LDCs and LCCs Have Strong Soundness

In this section, we show that any linear LDC or LCC satisfying |Definitions 5.8§|

and additionally has strong soundness (Definition 7.9). More formally, we will

show the following lemma.

Lemma 7.39. Let C: F* — F" be a linear (q,9,c,s)-LDC (LCC) with s < 1 — “F'

Then, there is a decoder Dec(+) satisfying the following conditions:

(1) (q-queries) for any y and i, the algorithm Dec?(i) reads at most q indices of y
(2) (perfect completeness) for all b € F* and i € [k], Pr[Dec®® (i) = b;] = 1,

(3) ((6/q)-strong soundness) for allb € B*, i € [k], and all y € F" with A(y, C()) <
on/q, Pr[Dec?(i) # b;] < M

Proof. By |[Dvil6al, given any (q,9,c,s)-LDC, there exist collections Hy, ..., Hy
where (1) each H; is a set of |H;| > dn/q g-sparse vectors in F" with disjoint support,
i.e., any v,v" € H;, supp(v) Nsupp(v’) = 0, and (2) for every b € F* i € [k], and
v € 3, it holds that b; = > 7, v;x; where x = C(b). Note that the latter sum is

actually over at most ¢ indices, as |supp(v)| < q.

Consider the decoder DecY(i) that behaves as follows: on input ¢, sample
v < H; uniformly at random, read y; for each j € supp(v), and output 3700 VY-
If y; = x; for all j € supp(v), where x = C(b), then by the above, the decoder outputs
b;.

Finally, b € F*, x = C(b), and let y € F* with A(y,C(b)) < én/q. Let S
denote the set of coordinates j € [n] where y; # C(b);. Because supp(v)’s are disjoint
for v € H;, it follows that

Pr [supp(v) NS # 0] < E,egq| (v) N S| =

043G ][

_ [(Ueag supp(v)) N S| < S|
|3 |3

> " lsupp(v) N S|

veH;
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As |H;| > dn/q, it follows that the probability the decoder outputs b; is at least

1-— %, as required.

To prove the statement for LCCs, we use [Dvil6b] instead of [Dvil6al, and the

rest of the proof follows immediately. O
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Chapter 8: Preliminaries

This chapter collects the notation, computational models, and pseudorandom-

ness tools used throughout the chapters in Part III.

8.1 General Notation

Throughout Part III, log denotes the natural logarithm, and logarithms to
base 2 are written explicitly as log,. For a positive integer n, let [n] = {1,...,n}
and let ([Z}) be the collection of subsets of [n] of size s. We write {0,1} := {0,1} and
e(z) = (—1)*. The notation x ~ D means that x is sampled from a distribution D,

while z ~ S means that x is sampled uniformly from a finite set S.

For strings x,y, write « || y for concatenation; o is reserved for function com-
position. For a tuple x = (xy,...,x,), write x<; = (21, ..., ;) and use xx, >, and

x~, analogously. For x,y € {0,1}", their absolute Hamming distance is

Alr,y) = [{i € [n]: i # yi} |

8.2 Input Blocks

Whenever a positive integer b divides n, we canonically partition X € {0, 1}"

into b contiguous blocks
X =(Xy,...,X), X; € {0,1}"".

The number of blocks will be clear from context. For another n-bit string
Y, the notation Y; refers to its ith block under the same partition, and
X ;=(X1,..., X1, X1, ..., Xp) omits the ith block.

When convenient, we identify a block X; € {0,1}** with the n-bit string
obtained by placing X; in the ith block and filling every other block with zeroes.
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Thus expressions such as X + Y; are well defined when strings are viewed as vectors

over Fs.
For functions f : ({0,1}™)* — {0,1} and g : {0,1}"/* — {0,1}™, define

fog'(X) = flg(X1), ..., 9(Xs)).

8.3 Finite Fields

We work with finite fields of characteristic 2. An element of Fy» is identified
with an n-bit string. Concretely, choose a degree-n polynomial F(z) irreducible over
[Fy[x] and realize

Fon = Fylz]/E(x).
Every field element has a unique representative Z?:_Ol c;xt of degree less than n, which
we identify with (c,—1,...,c0) € {0,1}". Shorter strings are padded with leading
zeroes. Under this identification, field addition is vector addition over Fs, and multi-

plication is polynomial multiplication modulo E(z). We write

<.T, y) = Z ZTiY;
=1

for the standard inner product over Fs.

Definition 8.1 (Additive character). A map x : Fon — Fy is an additive character if
xX(x +y) = x(x) + x(y) for all z,y € Fon. It is nontrivial if it is not identically zero.

The values on a basis determine an additive character, so there are 2" charac-

ters. They may be represented as x.(x) = (x, ¢), or, after fixing a nontrivial character

X as Xe(r) = x(cx).

8.4 Models of Computation

Definition 8.2 (Fy-polynomial). An Fs-polynomial is a Boolean function of the form
p(l’) = Z CSHZ.’U Cs € F27
SCln] iesS
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where all arithmetic is over Fs.

Definition 8.3 (Set-multilinearity). An Fo-polynomial is set-multilinear over a par-
tition (X7,...,X,) if every monomial contains at most one variable from each block

X;.

Definition 8.4 (Junta). A Boolean function f :{0,1}" — {0,1} is a k-junta if there
are a set S C [n] of size k and a function g : {0,1}* — {0, 1} such that f(x) = g(zs).
We denote this class by JUNTA,, ; and denote the class of parities of ¢ such juntas
by JUNTA}.

Definition 8.5 (k-party NOF protocol). A function f : ({0,1}"*)¢ — {0,1} is
computed by a k-party number-on-forehead protocol with communication cost ¢ if
the players communicate at most ¢ bits, player ¢’s messages depend only on X_; and

the public transcript, and the final message equals f(X). We denote this class by IIf.

An unqualified Boolean circuit in Part III has fan-in 2, and its size is its
number of gates. For the named unbounded-fan-in classes below, size means the
number of wires, including input wires. The class ACY consists of depth-d circuits
over {AND, OR,NOT} with unbounded fan-in. A SYM gate computes an arbitrary
symmetric function, and a THR gate computes an arbitrary linear threshold function.

A subscript on a gate, such as ANDy, specifies its fan-in.

Definition 8.6 ((d, ©)-tree). For an integer d and computational model €, a function
is computable by a (d, C)-tree if there is a depth-d decision tree such that the function
restricted by every root-to-leaf path belongs to €.

8.5 Probability and Limited Independence

Let U, denote the uniform distribution over {0,1}™. The notation S C, T
denotes the random subset of T" obtained by including each element independently

with probability p.
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Definition 8.7 (Coordinate-wise k-wise uniformity). A distribution D over {0, 1}" is
coordinate-wise k-wise uniform if, for every T C [n] of size k, the marginal (z7),p is
uniform over {0, 1}*. A function G : S — {0,1}" is a coordinate-wise k-wise uniform

generator if (G(s))s~s has this distribution.

Definition 8.8 (Block-wise k-wise uniformity). Consider a distribution D over
({0,1}™)4. Tt is block-wise k-wise uniform if, for every set {iy,...,ix} C [d] and

every yy,...,yx € {0,1}™,

XPNrD[Xij = y; for every j] = 27F™,

When the coordinates or blocks are clear, we omit the qualifier.

Definition 8.9 (Statistical closeness). For distributions Dy, Dy over a finite domain

Q, write Dy =, Dy if, for every S C €2,

| PrzeS]— PrjzesS] <e

x~D1 x~Do

A crucial property of coordinate-wise 4-wise uniform strings is square-root

anticoncentration with constant probability.

Theorem 8.10 ([Ber97, Corollary 3.1]). Let X be a 4-wise uniform distribution over
{=1,1}" and let v € R". Then

n
E Vi
i=1

- 3

w9
Pr[ > 21-:1“@-]23
z~X

We also need a 4-wise uniform generator whose output bits are locally com-

putable by small circuits.

Theorem 8.11. There is a coordinate-wise 4-wise uniform generator G : S —
{0,1}*" such that, for every s € S and x € [2"], a circuit C, of size O(n?) com-
putes Cs(x) = G(S),.
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Proof. Let v : Fan — {0, 1} return the first bit of the binary representation of a field

element, and define

4
G :F;. — FZ, G(s) = (L (Z sixi_1>) :
=1 xEFQn

This is a 4-wise uniform generator by [HH24, Theorem 2.2]. For fixed s, each output
bit is the evaluation of a degree-3 polynomial over Fyn and is computable by a size-

O(n?) circuit using grade-school field multiplication. O

8.6 Random Restrictions

A partial assignment or restriction is a string p € {0,1,%}", where * denotes

a live coordinate. For restrictions p', p?, define their composition by
1 1
p' ’ IO % *7
(P opi=4"3 "}
Pis  Pi =%
Thus p' is applied first and p? assigns some coordinates that remain live.
A random restriction is a distribution over restrictions. We use R, for the

distribution that independently assigns each coordinate x with probability p and
assigns each of 0 and 1 with probability (1 —p)/2. For f:{0,1}" — {0, 1}, define

flo(x) = f(pow).

8.7 Pseudorandomness

Definition 8.12 (¢-PRG). A polynomial-time computable function G : {0,1}* —
{0,1}™ is an e-pseudorandom generator for a class F of functions {0, 1} — {0, 1} if,
for every f € &,

[Eon, [(~1)7@] = E.opn [(-1)T ]| < e.

We also say that G e-fools F, and call s its seed length. We use the generator

of [ST22], which e-fools Fyo-polynomials with at most S terms using seed length
20Vl 5) 1og(1/¢).
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Definition 8.13 (Min-entropy). For a distribution D over {0, 1}", its min-entropy is

H.o(D) = —log, < max Prly = x]) .

z€{0,1}" y~D

In particular, if every point has probability at most 27% then H., (D) > k.

Definition 8.14 (Seeded extractors). A (k,e)-seeded extractor is a function Ext :
{0,1}" x {0,1}¢ — {0,1}™ such that Ext(X, W) = U, whenever H,(X) > k and
W ~ U, is independent. It is strong if

(Ext(X, W), W) =, (U,,, W),

and linear if Ext(-,w) is linear over Fy for every fixed seed w. The Leftover Hash

Lemma [[LL89] gives a strong linear extractor
Ext : {0,1}" x {0, 1}*" — {0, 1}F2le2(1/2)

Definition 8.15 (Oblivious bit-fixing source extractor). An (n, k) oblivious bit-fixing
source is a distribution over {0, 1}" obtained by fixing n— k coordinates and filling the
remaining k coordinates with independent uniform bits. A (k,e) OBF extractor is a
function Ext : {0,1}" — {0, 1} whose output on every such source is e-close to U,,.
For k > /n, Kamp and Zuckerman [KZ07] construct (k,2 ***/") OBF extractors
with output length Q(k%/n).

8.8 Correlation and Hardness
For Boolean functions f, g : {0,1}" — {0, 1} and a distribution D, we say that
f has agreement advantage v over g with respect to D if

Prlf(@) = g(a)) = 5+

We say that f y-approximates g over D if Pr,.p[f(z) = g(x)] > . If no distribution

is specified, it is uniform.
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Definition 8.16 (Correlation). For Boolean functions f, ¢ : {0,1}" — {0, 1}, define
corrp(f,g) = }]EIND(_l)f(w)Jrg(m)‘ _

For a class C, let corrp(f,C) = maxgeecorrp(f,g). We omit the subscript when

D =U,.

For a function f : ({0,1}™*)* — {0, 1}, define its k-party norm by

) 1)
el Y FXED XY
5€{0,1}k

------

where all 2k blocks are sampled independently from U, .

Theorem 8.17 ([VWOT]). Let f : {0,1}" — {0,1} be arbitrary and let g be com-
putable by a d-party NOF protocol exchanging c bits. Then

Ra(f) < corr(f, g) < 2°Ra(f)"*".

Finally, we use the Nisan-Wigderson hardness-to-randomness framework in

the following form, stated in the survey of Hatami and Hoza [HH24].

Theorem 8.18 ([NW94]; [HH24, Theorem 4.2.2]). Let f : {0,1}" — {0,1}. Suppose
h:{0,1}" — {0,1} is e-hard for foJUNTA, x with respect to the uniform distribution.
Then there is a PRG for f with seed length

S = O nl/(k+1)r_2
k

and error en.
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Chapter 9: Most Juntas Saturate the Hardcore
Lemma

9.1 Introduction

Let f: {0,1}" — {0,1} be a Boolean function such that every circuit of size
s errs on at least a d-fraction of inputs. How can we amplify the hardness of this
function? One approach is to restrict the domain: given a fixed size-s circuit, we
select a subset of inputs of density at least 20 in which half the points come from the
error region and half are correct. Such a set forms a hardcore set, because on this
region the circuit cannot do better than random guessing. Is it possible that there
exists a single subset of density 26 that is simultaneously hard for all size-s circuits?
Impagliazzo’s hardcore lemma establishes the existence of a {2(d)-density hardcore
set for all circuits of size s’ < s. The version of this lemma with the smallest size

degradation from s to s’ is the following.

Theorem 9.1 ([Imp95|, [KS99, BHK09]). Letv,6 € (0,1/2), ne N, n< s <X and
f:{0,1}" — {0,1}. Suppose that for all circuits C' of size at most s,

Pr [C(z) = f(x)] <1-6.

x~{0,1}"

Then there exists a subset H C {0,1}" of density Q(6) such that for all circuits C' of

size O (%) , we have

Pr[C(z) = f@)] < 5 +7

Conceptually, the theorem says that circuit hardness can be explained by a

subset of “hard inputs” H on which the function looks random to small circuits/l]

'Holenstein [Hol05] gives a set H of optimal density 2§, but suffers a larger degradation from s
2
to 0 (<),
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This phenomenon has found applications throughout computer science, including
hardness amplification [O’D02) [Tre05], pseudorandomness [STV99, [CL21], cryptog-
raphy [Hol05], algorithmic fairness [CDV24], combinatorics [RTTV0S|, and learning
theory [BHKQ9, [KS99].

While the hardcore lemma is a remarkable result, a natural question is whether

2

the size degradation s — % is necessary. This is formalized by the following

conjecture.

Conjecture 9.2. For any 6 € (0,.49),7 € (0,%), n € N large enough, and

0 <_1°g§12/5)> < s <05 (%), there exists an f such that

o for all circuits C' of size < s,

Pr [C(z) = f(x)] <1-6.

x~{0,1}"

e for every subset H C {0,1}" of density > Q(0), there exists a circuit C' of size

O (%) such that

Pr [C(x) = f(2)] > % +

x~H -

Such a degradation was shown to be necessary for a certain class of proofs
[LTWT1], but an unconditional result remained elusive, as proving this theorem ap-
pears to require constructing an explicit, mildly approximable function that demands
large circuits to strongly approximate it. This felt tantamount to proving break-
through circuit lower bounds. In a recent work, Blanc, Hayderi, Koch, and Tan
[BHKT24| evaded this barrier by arguing about a nonexplicit function. In fact, the
proof of first shows the result for H being a d-smooth distribution over
{0,1}" (i.e., no string has more than 52% probability of being sampled), and then uses
the distribution to extract a density-d subset. [BHKT24] proves a tightness result

over the more general §-smooth distributions.

N RE
enough. For s € [Q(%),O(ﬁ)], there exists f :{0,1}" — {0,1} such that

v vin

Theorem 9.3 ([BHKT24, Theorem 2]). Let 6 € (0,1),v € [Q <L> l), n € N large
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e For all circuits C' of size < s,

e for all 0-smooth distributions H over {0,1}", there exists a circuit C' of size
O (sv?*) such that

PrO(x) = f(a)] > 5+ 07

The above is a reparametrized version of what appears in [BHKT24], which
includes dependencies on § from their proof (where § was assumed to be constant).ﬂ
Hence, in the regime § = O(1), v > Q(1/y/n) and s = O(27°"/(y*n)), [BHKT24]
shows that the y2-factor decay in size is tight. Structurally, their argument is very
analytically involved and is in multiple stages. In what follows, we say that f has
agreement advantage y over g with respect to H if Pr,p[f(z) = g(x)] > 5+, and
that f ~-approximates g over H if Pr,.y[f(x) = g(x)] > 7.

e Let k = 1/4% They first prove that for any d-smooth distribution H, the
majority on k bits has agreement advantage \% over a 1-junta with respect to
H, but no 0.01k-junta has agreement advantage + over it under the uniform

1
distribution

e They then bootstrap this result to show that, for any d-smooth H, the ma-

jority of k random functions on k disjoint 7-bit input blocks has agreement

advantage \/LE over a size-O (%) circuit with respect to H, but requires size

Q0 (k2;£k> to obtain agreement advantage ;11 under the uniform distribution.

They accomplish this by introducing an analytic relaxation of junta complex-

ity, using Fourier-analytic noise-stability arguments to equate this relaxation to

2[BHKT24, Theorem 2] gives, for any parameters s and «, a tightness result for a function of
input length n(s,v). We have reparametrized to the standard convention of fixing the input length
to n, and examining which s, are possible (in terms of n).

3A k-junta f:{0,1}" — {0,1} is a Boolean function depending only on a subset of k < n input
variables. The junta complexity of a function is the smallest k such that the function is a k-junta.
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the original measure (up to constant factors), and then using coupling argu-
ments, Fourier-analytic calculations, and subgaussian concentration to analyze

the relaxed junta complexity of the random-function ensemble.

We note this junta-to-circuit lifting theorem is interesting in its own right, and towards
proving this, they establish a novel direct sum theorem. These techniques are also
used in [BHKT24] to tightly characterize the sample-complexity overhead of smooth

boosting.

In this chapter, we give a very short proof that a random junta saturates the

hardcore lemma in the regime 6 = (1) over arbitrary distributions.

Theorem 9.4. Let é € (0,0.49),~ € (0, %), n € N large enough, andn < s < Oy (%)
If there exists a constant € > 0 such that s > 1/4*T¢, there exists a function f such

that

e For all circuits C' of size at most s,

P = <1-0.
P (0@ =[] <10
e for all distributions H over {0,1}", there exists a circuit C' of size O(sy?) such

that
Pr[C(r) = (@) > 5 +7

x~H

Formally, [Theorem 9.3|and [Theorem 9.4] are incomparable: holds

only for v > Q(1/y/n) and s € [Q(1/42), 0(27°"/(v*n))], while [Theorem 9.4 holds for
any v and any s € [Q(1/4*T¢),0(2"/n)]. While incomparable, we note the former

region is extremely restrictive, and does not include the common setting of v = %
Meanwhile, the latter region contains almost all possible (7, s) pairs. The latter region
is short of subsuming the former interval only by an arbitrarily small polynomial factor

of ¥7¢. Removing this e-slack remains open.

When s > 1/42%¢, [Theorem 9.4/ improves on [Theorem 9.3|in two ways:
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o constructs circuits with agreement advantage ¢, while
achieves agreement advantage v without degradation in 4.

° requires H to be d-smooth, but makes no assumption
about H.

These two points allow our theorem to remain meaningful even for § = o(1). Inter-
estingly, the second point shows that the s — s7? decay is unavoidable even if we

permit H to be of density o(0).

In summary, our [Theorem 9.4 is stronger in the regime s > 1/4*" or v =
O(1/4/n), but gives inferior bounds when 1/4% < s < (1/7)*™ and v = Q(1/4/n).

We also note that [Conjecture 9.2 remains open. In particular, it would be interesting

to pin down the optimal dependence of the circuit-size decay on 9.

9.2 Tightness of Impagliazzo’s Hardcore Lemma

We will now prove a lemma that shows how to construct small circuit approx-

imators for arbitrary functions using 4-wise uniform generators.

Lemma 9.5. Let f:{0,1}" — {0,1} be an arbitrary Boolean function, let H be any
distribution over {0,1}", and let v € (3575,3). Let G : {0,1}™ — {0,1}*" be a 4-wise
uniform generator such that, for each s € {0,1}™, there exists a circuit Cy of size r
with Cs(z) = G(s);. Then there exists a circuit C' of size O (wiy—%gﬂ + T) such that

PrO() = f(x)] 2 5 +7.

Proof. 1f v > 1/4/363, then compute f exactly using Lupanov’s theorem. This will

2

be a circuit of size O(2"/n) = O (bgj(w—%gﬂ> since v = Q(1).

Hence, assume v < 1/4/363 and define the nonnegative integer ¢ =
|log,(1/36372)], and note n — ¢ > 1. Let H’ be the distribution over {0,1}"*
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defined by the probability mass function
H'(c) = P%[:E ccx{0,1}1].

This is the induced distribution of H on the subcubes defined by the first n — ¢ bits
of the input. For each ¢ in the support of H’, define the conditional distribution over

the subcube ¢ x {0, 1} by the function

Prooplx =c|| y]
H'(c)

He(y) = Priz=cly|zecx{0,1}]=

Let G be the 4-wise uniform generator guaranteed by the hypothesis. For a subcube

¢, denote the indicator variable

H.(y)?
I(s) =1 Z H(y)(—1)fCln+C)epy Z\/Zye{o,lg ()

yef{0,1}¢

By (Theorem 8.10, we have that for each ¢ and random s, Pry.go.1ym[l.(s) = 1] > %

Hence,

]ESN{O,I}’” [ECNH/

ZH’ s] > 12—121{'(@)

and by an averaging argument there exists a choice of s such that Prop/[I.(s) = 1] >
2/11. Fix such an s. Now for any ¢ with I.(s) = 1, we can use Cauchy-Schwarz to

lower bound

elly)+G(5)elly ZyE{O 1}4’ H.(y)? \/(1/%) Zye{m}ﬂ H.(y) -
A (clly) +C(s) \/ > 2 _

ye{0,1}¢

Now define h : {0,1}"* — {0,1} by the map

hie)=1| > Hi Fellw+6&ery < (| |

y~{0,1}¢
which encodes whether the subcube is positively or negatively correlated with the
4-wise uniform string. We now set our approximator g : {0,1}" — {0,1} to be
g9(clly) = hlc) ® G(s)c|y-
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We can now write the correlation between f and g (with respect to H) as

Eop[(—1)/@+9@) = E 1 Z H(y)(—1)fClv)+sCly)
| y€{0,1}*

=Feup | (=1)"© Z H(y)(—1) Tl +Geny
ye{0,1}¢

= ECNH’ Z Hc(y)(—1)f(0”y)+G(S)CHy

| |ve{0,1}¢

> Pr [I.(s)] - Eoupr Z Heo(y) (= 1) C+G@en | T (s) = 1

e~H'
y€e{0,1}¢
2 1
> 2 > 2.
=11 Va3 =4

1)/ @) +g(=)
P [f(r) = gla)] = — DT

Hence,

=5+

N | —

Since h depends only on the first n — ¢ bits, it can be constructed in circuit

size O (3:;) =0 <b;(i—22zn)> By construction, z — G(s), can be computed by

some size-r circuit Cs. Therefore, g has agreement advantage v over f and can be

computed by a circuit of size O <h;(if—222ﬂ + 7‘), as desired. O

We are now ready to prove [['heorem 9.4}

Proof of [Theorem 9.4 We will first prove the first item. Pick a function g : {0,1}F —
{0, 1} uniformly at random, and define f(z) = g(x<x) to be g on the first k bits of

the input. By a Chernoff bound, we know that for a fixed circuit C': {0, 1}* — {0,1}
of size < s and ¢ < 0.49,

ljcr Prlg(z) = C(z)] > 1—§| <279,

Set 2% = O;(slog s). Taking a union bound over all circuits of size s (of which there
are s°0)) we note that, with probability at most s?(®2-%2") < 1, ¢ can be (1 — 4)-

approximated by a size-s circuit. Fix a g that cannot. We now show f cannot be
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approximated by any circuit C : {0,1}" — {0, 1} of size s. Restricting the last n — k
bits of C' will result in a circuit on the first & bits of size at most s. Hence, we can
deduce

Prif(z) = C(@)] = Eu, | Priglect) = Cloc, 2>1)]| <1 -0

x

as desired.

We will now prove this f satisfies the second item. Consider an arbitrary distri-

bution H over {0, 1}". The marginal distribution of H on the first &k bits will be some
distribution H’ over {0,1}*. Asy > s7%/2 > 27-27%/2 for large enough n,

and [Theorem 8.11| give a circuit C' : {0,1}* — {0,1} of size O < 222;) + k2) such
that Pr,op[g(z) = C(z)] > 3 + 7. Letting C’ : {0,1}™ — {0,1} be the circuit that

applies C' to the first £ bits, we note that

Pr [f(z) = C'(x)] = Pr [g(z) = C(a)] >

x~H x~H' 2

As " has the same size as C, and j; 222k) +k =0 <572- (logzigsJ + log? s) =
O.(s7?) when s > 1/9?*¢ (' is a s&ze—Og(sv ) circuit with agreement advantage -y
over f with respect to H. Consequently, f is a k-junta that cannot be (1 — ¢)-
approximated by a size-s circuit, but, over any H, has agreement advantage v over a

size-O.(sv?) circuit, as desired. O
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Chapter 10: New Pseudorandom Generators and
Correlation Bounds Using Extractors

10.1 Introduction

Many central questions in complexity theory revolve around proving limita-
tions of various computational models. For example, there are research programs
which seek lower bounds against constant depth circuits, low-degree polynomials over

Fy, and perhaps most famously the complexity class P.

Usually, lower bounds against a simple class of n-bit Boolean functions C are
established by demonstrating an explicit function f such that no g € € can compute
f on every input. This is referred to as worst-case hardness. However, we may not
be satisfied with this in practice and stipulate that no g € € can even approzximate f.
After all, if there exists a g that agrees with f on all but one point, the difference may
be impossible to detect in practice. Furthermore, establishing average case hardness
against C can allow us to create PRGs against € via the “hardness to randomness”
framework introduced by Nisan and Wigderson [NW94], as well as show hardness
results against related function classes, like the majority of functions in €. The study

of correlation bounds captures exactly this average-case hardness statement.

To formally define this, let D be a distribution over {0, 1}". Define the corre-
lation of two Boolean functions f, g : {0,1}" — {0,1} over D to be

corrp(f,g) = \ExND[(—l)f(x)Jrg(’”)H.

We will usually be concerned with D = U,,, the uniform distribution, and should be
assumed so if no distribution D is specified. Notice that this quantity is a real number
in [0,1]. For intuition, note that if f = g or f = 1 — g, the correlation is 1, whereas
if f and g only match on about half the inputs, the correlation becomes small. This

fact allows us to observe that correlation is the right notion, as corr(f, g) being small
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implies that g cannot predict f much better than a coin flip. For a function f and
a function class €, we define corr(f, C) = max,ee corr(f, g). Hence, the notion of f

being average-case hard for € is captured by corr(f, C) being small.

In this chapter, we are most interested in the case where € is the class of low-
degree Fy[x1, . .., x,] polynomials. Establishing correlation bounds against low-degree
F5 polynomials is an extremely interesting and central question in complexity theory,
as it is either necessary or sufficient to understand a plethora of other problems, some
of which concern communication protocols, matrix rigidity, and PRGs for circuits.

See Viola’s survey [Vio22] for a detailed exposition on this rich program.

Unfortunately, there is a “logn-degree barrier” for PRGs and correlation
bounds against low-degree polynomials. Current PRGs and correlation bounds
are asymptotically tight for constant degree polynomials, but become trivial at
degree logn [Vio08]. Getting nontrivial PRGs (or even correlation bounds) against

log n-degree polynomials has been a longstanding open problem.

Towards breaking this barrier, researchers have shown strong correlation
bounds for structured subsets of low-degree Fs-polynomials (such as sparse poly-
nomials [LST1) [ST18], tensors [BHHT20|, small-read polynomials, and symmetric
polynomials [BLJT21]) with the hope of being able to generalize them. In this
chapter, we establish new correlation bounds and PRGs for computation models
generalizing some of these polynomials, namely width-2 branching programs reading
d bits at a time, AC® containing a small number of arbitrary symmetric or linear

threshold gates, and set-multilinear polynomials.

Interestingly, all of these correlation bounds are obtained by taking a function
hard for a more specific class of polynomials and then fortifying it with a well-suited
extractor. Although such a strategy is not new and has been used to establish stronger
lower bounds for formulas [KRTT3], (CKK™14], they usually rely on the fact that upon
randomly fixing a subset of variables of a formula, there are extremely few possibilities

for the resulting function. Our results show that extractor fortification is a much
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broader technique that can strengthen lower bounds against function classes even if
they do not simplify to a tiny collection of functions under a random restriction. In
particular, our correlation bounds demonstrate that extractor fortification can work
as long as the function class, after a random restriction, has low communication

complexity or good algebraic structure.

Inspired by this, we would like to understand when extractors will strengthen

correlation bounds. Due to technical reasons, this seems nontrivial to establish. We

explain this technical nuance in [Section 10.2.5]

The remainder of this section is devoted to introducing and motivating each
computational model studied, surveying prior work in the topic, and stating all key

results proven.

10.1.1 Better Bounds and PRGs Against AC’ with More {SYM, THR}
Gates

Our knowledge of hardness and PRG results for AC? is much more developed
than that of TC?. The state-of-the-art PRG for AC® is Lyu’s construction [Lyu22],
which e-fools polysize AC? circuits with seed length O(log?!(n)log(n/e)), whereas
the current best PRG of Hatami, Hoza, Tal, and Tell (27" )-fools size-O(n'*+%) TC®
circuits with seed length O(n!=%) [HHTT22]. Due to this stark contrast in parame-
ters, it is natural to gradually work upward from ACY by allotting a budget of SYM
(calculates an arbitrary symmetric function) or THR (calculates an arbitrary linear
threshold function) gates in the circuit. This approach has been investigated for over a
decade [Vio0T7, [LST1) [ST18], beginning with Viola’s work, which generalized and sim-
plified pioneering work on PRGs for low-degree Fo-polynomials by Luby, Velickovié,
and Wigderson [LVWO3]. This context explains why this circuit class is a compelling
generalization of sparse polynomials (which can be written as a small-size parity of
ANDs). All the mentioned works use the following function introduced by Razborov
and Wigderson in 1993 [RW93] (all arithmetic is over Fy).
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m k r

RW, k. (2) = Z H Z Tije (10.1)

i=1 j=1 ¢=1

Most recently, Servedio and Tan [STI18] use RW,, ;, to uncorrelate against
constant-depth size-n®1°8™) AC® circuits whose top gate is {SYM, THR} (denoted
{SYM, THR} o AC"). Their explicit bound is

0 7Q(n.499)

COITr <RW\/$,log2 717\/%’ {SYM, THR} o AC > <2 .
By the techniques used in [LS11], this can be translated into correlation bounds
against AC? circuits with up to n* SYM gates or n-** THR gates. As can be seen
by the repeated occurrences of n4%, the strength of the correlation bound dictates

how many {SYM, THR} gates we can afford in our budget.

We show that RW is just one of many functions from a general class of hard
functions with small correlation against {SYM, THR} o AC? circuits. For functions
f o ({0,1}")*% — {0,1} and ¢ : {0,1}™ — {0,1}", denote f o g*(zy...,7p) =
fg(x1), .. g(ak))-

Theorem 10.1 (informal). Let g be computable by a size n®1°¢™ {SYM, THR} o AC®
circuit. Let f be average-case hard against multiparty protocolﬂ and let Ext be a

suitable extractor. Then

corr(f o Ext0M 2", g) < 90"

To our knowledge, this theorem gives the first context in which generically
precomposing with an extractor boosts correlation bounds whose proof does not rely

on simplification under random restriction (indeed, parity does not simplify under

'the formal condition is any function with small “k-party norm” or “cube norm”, but this is
currently the only technique we know that establishes average case hardness against multiparty
protocols.
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restriction and is contained in {SYM, THR} o AC®). Previously, extractors have only
been used to boost correlation bounds for classes that heavily simplify under random
restriction [KRT13| ICKK™ 14} [CSS16l, [KKTL17], whether it be a small depth decision
tree or a function very close to a constantE] Our theorem states that extractors
can still boost correlation bounds, even if they were proven using communication

complexity or algebraic methods (rather than only random restrictions).

Furthermore, our theorem distills the reason why RW was so effective as a hard
function. Quantitatively, we can instantiate the template with a suitable extractor

to obtain a new hard function with nearly-optimal correlation bounds.

Due to our strengthened correlation bounds, we can now obtain correlation
bounds and PRGs against size-n®1°8™ ACP circuits with up to n?? SYM gates or
n4% THR gates. Prior to this, no nontrivial correlation bound or PRG was known
to handle such large size and number of {SYM, THR} gates (JLS11] could handle the
same number of {SYM, THR} gates but only for n®U°sl°e) gsize circuits, and [STIS]

could handle the same size circuits, but only n4% SYM or n?% THR gates).

Even for {SYM, THR}oAC" circuits that have only one {SYM, THR} gate, our
correlation bounds yield improved PRGs whose seed length is 200v1°85) 1 (log(1/¢))?°1,
which has a better dependence on ¢ than in previous work (see Table 1). In fact, since
the best correlation bound that one can hope for is 2~ this dependence is almost
optimal under the Nisan-Wigderson framework, and an alternative approach is needed
to reach the optimal dependence of log(1/e). Since any logn-degree Fy polynomial

logn “any improvement in the

can be expressed as a SYM o AND,,,_ , circuit of size n
dependence of the seed length on S would give nontrivial PRGs for log n-degree

polynomials, a breakthrough result.

2There have been uses of extractors as a hard function against classes that do not simplify
under restriction, like DNFs of Parities [CS16] and strongly read-once linear branching programs
IGPT22] [LZ24] [C1.23]. However, they directly establish a correlation bound against the extractor
rather than amplify a weaker hard function by precomposing with an extractor.
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Circuit type Circuit size S | Correlation bound PRG seed length
[Vio07] | {SYM,THR} o AC? |  pelosn n-ealogn 20(/1o8(5/2))
[LSTI] SYMo AC® peloglogn exp(—n®9%) 20(%) + (log(1/¢g))*%
LS THR o AC? peloslosn exp(—n049) | 20(mEEEs) 4 (log(1/2))401
[STI8] | {SYM,THR} o AC} nelosn exp(—Q(n®499)) | 200/0e5) 4 (log(1/e))*
This work | {SYM, THR} o AC’ pclogn exp(—Q(n%9%9)) | 20(V1%e9) 1 (log(1/e))>O!

Table 10.1: Correlation bounds against {SYM, THR} o ACY circuits and the PRGs
that follow via the [NWO94] framework. In all previous work, the “hard” function
used was the RW function, which was first considered by Razborov and Wigderson
[RW93]. Our construction uses a better-suited function.

10.1.2 Much Better PRGs Against Width-2 Branching Programs Read-
ing d Bits at a Time

Usually, one constructs PRGs for natural computational models, with the idea
that we can drastically reduce the randomness we use if the randomized algorithm
we are running can be simulated by such a model. Low-degree polynomials form an
extremely natural mathematical model with applications to circuit complexity, but
some may not view them as a well-grounded computational model and thus may
not consider them worth finding a PRG for. However, the work of Bogdanov, Dvir,
Verbin, and Yehudayoff [BDVY13] showed the beautiful connection that PRGs for
degree d polynomials are also PRGs against a particular model described as width-2

length-poly(n) branching programs which read d bits at a time.

Definition 10.2 ((d,¢,n)-2BP ([BDVY13], adapted)). A (d,¢,n)-2BP (or more col-
loquially a width-2 length-¢ branching program over n bits which reads d bits at a
time) is a layered directed acyclic graph, where there are ¢ layers and each layer con-
tains two nodes, which we label by 0 and 1. Each vertex in each layer j is associated
with an arbitrary d-bit substring x|, of the input z. Each node in layer j has 2% out-
going edges to layer j + 1 that are labeled by all possible values in {0,1}?. On input
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x, the computation starts with the first node vy, in the first layer, then follows the

edge labeled by z|

onto the second layer, and so on until a node in the last layer

Ustart

is reached. The identity of this last node is the outcome of the computation.

Such branching programs are a well-motivated computation model, which cov-
ers computation with only one bit of usable memory, low-degree polynomials, and
small width DNF's. The survey of unconditional PRGs by Hatami and Hoza refers to
this model as a compelling computational model that places low-degree polynomials

in the computational landscape [HH24].

Unfortunately, there is a “logn-degree barrier” for PRGs and correlation
bounds against low-degree polynomials. Current PRGs and correlation bounds are
asymptotically tight for constant degree polynomials, but become trivial at degree
logn, as can be seen by the current best known PRG for degree-d polynomials by
Viola which has seed length O(dlogn + d2%log(n/e)) [Vio08]. Obtaining nontrivial
PRGs (or even correlation bounds) against logn-degree polynomials has been a
tantalizing open problem, and thus PRGs for (d,poly(n),n)-2BPs also seemingly
appeared to inherit this “d = logn barrier” due to the reduction result of [BDVY13].

In this chapter, we construct PRGs against (d, poly(n),n)-2BPs with expo-
nentially better seed length, thereby giving nontrivial PRGs even in the regime
d = n'=°). Define a d-junta to be a function ¢ : {0,1}" — {0,1} which is solely
dependent on d input bits (i.e. can be written as ¢'(z;);es for some subset S C [n]
of size d). To get our shortened seed length, we evade the logn-degree barrier by
instead showing the equivalence between PRGs for (d, poly(n),n)-2BPs and PRGs
for the XOR of poly(n) many d-juntas (denoted as JUNTASiSOIy(n)). This class is
already interesting in its own right, as it can be seen as a generalization of sparse -
polynomials and combinatorial checkerboards (defined by Watson [Watll] and also
studied by Gopalan, Meka, Reingold and Zuckerman [GMRZ13]), as well as a spe-
cific class of bounded-collusion protocols studied by Chattopadhyay et al. [CGG™T20].

However, we are not aware of any literature that studies JUNTA%’; specifically.
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Our main technical contribution is the establishment of strong correlation

bounds for J UNTASiSOlym). In particular, we show the following.

Theorem 10.3. There exists an explicit function f such that

® poly(n) _ n )
corr(f, JUNTA, ) < exp ( O

By combining this with the “hardness-to-randomness” framework of Nisan
and Wigderson [NW94], we construct a PRG of seed length 200v°8™ q2 log?(1 /¢).
This is only a quadratic factor away from optimal dependence on d and . Improv-
ing the dependence on n would be a breakthrough, since if we set n/ = 2V&n
a (d,n,poly(n))-2BP can simulate any logn’-degree polynomial over z1, ...z, and
so having seed length o(n’) would effectively break the logn-degree barrier for Fo-

polynomial PRGs.

Interestingly enough, by combining a “simplification under restriction”
approach pioneered by Ajtai and Wigderson [AWSR5] with a PRG for sparse
Fy-polynomials by Servedio and Tan [ST22], we can construct a PRG against
JUNTAf’SOIY(n), and thus (d, poly(n), n)-2BPs, with seed length d2°0(V106(/9)) = This
gives us an optimal dependence on d, but an exponentially worse dependence on ¢.
This suggests perhaps that with a combination of these two approaches, one might

be able to achieve a seed length of 20(VIe™) dlog(1/e).

10.1.3 Near-Optimal Bounds Against High Degree Set-Multilinear Poly-
nomials

As explained earlier, a central open question in complexity theory is to es-

tablish better-than-O(1/y/n) nontrivial correlation bounds against (logn)-degree

polynomials. In order to make progress on this question, it is natural to consider

structured low-degree Fy-polynomials. This is what the work of Bhrushundi et al.

does [BHHT20)].
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Define a polynomial p : {0,1}" — {0,1} as set-multilinear over a partition
X = (Xy,...,Xy) of the input bits if every monomial contains at most one vari-
able from each X; (this is slightly more general than the usual definition of ezactly
one). The work of Bhrushundi et al. [BHH™20] shows that a random degree d set-
multilinear tensor has exponentially small correlation against generic degree d/2 Fo-
polynomials for d = 2(n). Toward making this correlation bound explicit, they de-
fined FFM(Xy, ..., Xy) = Isb(X;- X3 - - - X4), where multiplication is done by treating
X, as field elements, and Isb outputs the least significant bit of the string. Bhrushundi
et al. were able to give exponentially small correlation bounds against polynomials up
to degree o(n/logn) which are set-multilinear over the fixed partition (X, ..., Xy).
However, this leaves much to be desired. The partition with respect to which the
polynomial is set-multilinear over needing to be fixed and dependent on FFM, feels
like an extremely strong and asymmetric condition. Can we uncorrelate against de-
gree < d polynomials set-multilinear over any equipartition of X into d parts? Can

the parts be unequal? Can we have more than d of them?

We show affirmative answers to all the above questions. If we take 6 > 0
to be an arbitrarily small constant, we can obtain exponentially small correlation
against degree < n° polynomial for which there exists some partition of X into up

to ni=?

(not necessarily equal) parts such that p is set-multilinear over it. Notice
that improving n'~° parts to n would be a breakthrough, since all polynomials are

set-multilinear over the n-partition of X = (z1,...,x,).

To do so, we fortify the hard function FFM with an extractor. Let Ext(X, W)
be a strong linear seeded extractor (for each fixing of W, Ext(-, W) is linear). For

some parameter d, define the function
ExtFFMy (X7, ..., Xq, W) = Isb(Ext(X;, W) - Ext(Xy, W) - ... - Ext(X4, W)),

where multiplication is done over a finite field, and Isb outputs the least significant
bit of the string. First note that ExtFFMy(X7, ..., Xy, W), for a fixed W, is set-

multilinear over Xi,..., X;. Hence, our intuition that set-multilinear polynomials
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might correlate the most with the hard function is preserved in ExtFFM as well.
Using ExtFFM, we are able to obtain correlation bounds against the more intuitive
notion of set-multilinear polynomials, where the structure of the partition does not
matter. This gives more leeway since now if we want to implement this approach
towards correlation bounds against low-degree polynomials, there is a larger class of

set-multilinear polynomials to which we can reduce generic polynomials.

10.2 Technical Overview of the Results

In this section, we give the overview of the proofs of the main results we

covered above.

10.2.1 Stronger Correlation Bounds Against {SYM, THR} o AC®

We focus on showing stronger correlation bounds against {SYM, THR} o AC?,
since the subsequent arguments turning this into PRGs against AC? with a few
{SYM, THR} gates are standard. The blueprint behind this argument follows the
“simplification under restrictions” approach of previous works, but most similarly of
Tan and Servedio [ST1§]. A random restriction is a random partial assignment where
for each variable, it is left unfixed (or “alive”) with probability p, and is otherwise
set to a uniform bit. [STI8] shows that under a random restriction, the hard func-
tion RW,, ., maintains integrity and uncorrelates with multiparty protocols, while
{SYM, THR} 0 AC" simplifies to a short multiparty protocol. However, the roadblock

) and only gives one of size

met in [ST18] that prevents a correlation bound of 2~
272" i5 due to the parameters in RW,, ;. » being in contention with each other. To
elucidate, if n is the input size, then we must have mkr = n. Via the analysis done
in [ST18], the correlation bound ends up being in the form of 279" 4 22 which

forces any established correlation bound to be at best 2-¢(V7).

To understand why both conflicting terms appear, we give a quick overview

of the argument of [ST18]. First, RW,, ;. (as defined in [Equation (10.1)) can be
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thought of as a fortified version of the generalized inner product, GIP,, j(z1, ..., zx) =
Yo H§:1 x;j, where each variable is now replaced by the parity of r new variables.
This is effective against random restrictions, since as long as one of the r copies
Zij1, - .-, Tijr survive the restriction, the corresponding term x;; in GIP will survive.
They argue that after applying a random restriction p, the {SYM, THR} o AC° circuit
simplifies to a short multiparty protocol, while RW,, s, |, is still capable of comput-
ing GIP,, /2, with high probability. Conditioning on this, previous results of Babali,
Nisan, and Szegedy [BNS89] show that GIP,, /) has 2-m/2") correlation against

Q(m) term in the

these multiparty protocols, which explains the emergence of the 2~
correlation. Conditioning on RW,, .. |, being able to compute GIP,, /s introduces
an additive error to the correlation corresponding to the probability RW,, k., |, fails
to simplify. [ST18|] bounds this by the chance that all r copies of some variable x;;
becomes fixed by a restriction, which will be (1 — p)" ~ exp(—pr), explaining the

occurrence of the 274" term in the correlation.

In summary, the argument of [ST18] requires that r be large to strongly fortify
the hard function against random restrictions, while m needs to be large to have a
stronger correlation bound against multiparty protocols. However, with the constraint

mr < n, we are forced to compromise and reach the setting m = r ~ /n.

We now propose an abstraction of the hard function, which naturally yields a

stronger correlation bound. If we define @®,,, : ({0,1}")™ — {0,1}"™ by

r r
@m,r<x17"'7$m> = E Tliy-- s E Tmi |
i=1 i=1

we observe RW,, 1., = GIP,, ;0 @fmr (1,...,2) = GIP k(Bmr(21), - - o s Binr (k).
The key insight is that our argument can be generalized to not just RW, but any

function

f o BExt" = f(BExt(x),...,Ext(x))

where f is average-case hard for multiparty protocols, and Ext is an oblivious bit-

fizing source extractor (OBF extractor). Informally, an oblivious bit-fixing source
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extractor for min-entropy k is a function Ext such that if X is uniform over {0,1}"
and p is a restriction which leaves > £ bits alive, the output Ext(X]|,) is close to
uniform. Recall our approach first applies a random restriction to simplify our circuit
to a small multiparty protocol, which we then deal with using GIP. If the random
restriction leaves sufficiently many variables alive with high probability, then f o Ext"
should still behave like f due to Ext being an OBF extractor. Since the circuit is now

a multiparty protocol, the average-case hardness of f gives us a correlation bound

(the argument is actually not as simple as this: see|Section 10.2.5|for an explanation).

Notice in the RW construction and the setting of parameters m = r ~ /n,
@ is an OBF extractor which maps n bits to /n bits. But this means that the
input to the outer GIP function will only have &~ /n bits, so the best correlation
bound we can hope to achieve is exp(—Q(y/n)). The restrictions used in the proof

leave n*

¥ variables alive with high probability, so intuitively we could hope that all
these n'% “bits of randomness” could be preserved for GIP (or in general any f)
rather than only \/n, potentially resulting in an exp(—Q(n??)) correlation bound.
We do just this by using a much better OBF extractor of Kamp and Zuckerman
[KZ07]. By making this intuition more formal using techniques developed by Viola
and Wigderson [VWOQT7], we obtain a 272" correlation bound. The idea of
replacing parities with better-suited extractors has also appeared in previous work
[KRT13, ICKK™ 14l [CSST6l KKL17]. However, as discussed earlier, they have only

been used to boost lower bound arguments that solely use random restrictions. In

this result, we are boosting a lower bound argument incorporating a communication

complexity argument, which requires more care (see [Section 10.2.5)).

10.2.2 PRGs for JUNTAY, and (d,t,n)-2BPs

Our PRG construction blueprint can be briefly described as follows. We first
establish correlation bounds against J UNTAffd. We then put this through the Nisan-
Wigderson “hardness vs. randomness” framework to create a PRG against J UNTA;?L.

We then show that PRGs that fool JUNTA%; actually fool (d,t,n)-2BPs, making
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the J UNTA?Z PRG our final construction. We first discuss why PRGs for J UNTAf’td
imply PRGs for (d, t,n)-2BPs, and then discuss the techniques needed to show strong

correlation bounds against JUNTA®.

10.2.2.1 PRGs for JUNTAY, — PRGs for (d,t,n)-2BPs

Adopting the exposition in [HH24], the previous work of [BDVY13| can be
outlined as follows. Consider a (d,t,n)-2BP B. Observing that all transition functions
in B are d-juntas, one can derive that B(z) = B'(¢1, ..., ¢2(x)), where B"is a (1,¢,2t)
branching program. By Fourier expanding B’, this can be decomposed as

Br)= Y BS)(-)Zestit)
sc24
[BDVY13] shows that > g, |B(S)| is bounded, so by linearity of expectation and
the Triangle Inequality, it suffices to fool the terms (—1)ies®(*) The approach in
[BDVY13] makes the observation that each ¢;, by virtue of being a d-junta, can be
written as a degree d polynomial. Consequently, a PRG for degree d polynomials will
fool (d,t,n)-2BPs with seed length O(dlogn + d2¢log(n/c)). The issue here is that

at d = logn, the seed length becomes trivial.

However, we can notice that the Fy-polynomial p(z) == ), ¢ ¢i(x) has some
additional structure. If ¢ = poly(n), p is the sum of only a polynomial number of d-
juntas. If there was a way to leverage this, and get a better PRG that fools J UNTA%L,
then we might hope to get nontrivial PRGs even in the regime d = Q(logn).

This observation already yields nontrivial PRGs for d = w(logn). Servedio
and Tan [ST18|] provide a PRG fooling Fo-polynomials with S terms with seed length
20(V185) Jog(1/e). Since each junta can be written as a polynomial with up to 2%
terms, each g € JUNTAIZ?;Y(n) can be written as a polynomial with S = 2¢poly(n)
terms, yielding a PRG with seed length (2°0V) 4+ O(log n)) log(1/¢). Hence we get

nontrivial seed length for d = o(log®n) . However, we proceed alternatively to get

3it is actually the case that a PRG from [LVW93] already gets nontrivial seed length in the same
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an exponentially better seed length.

10.2.3 The Nisan-Wigderson Framework and Correlation Bounds for
JUNTA &P ()

We will once again use f o Ext® [{{ as our hard function to establish exponen-

tially small correlation bounds against the class, and then apply the Nisan-Wigderson

INW94] framework to construct the PRG. The latter portion is straightforward, so

we focus on establishing the correlation bounds.

Let g € JUNTAj?’deIY(n) . We first show that there exists a subset of variables,
S, such that when arbitrarily fixing bits outside of this set, g can be expressed as a
sparse Fy polynomial, while each input block of foExt® heavily intersects S. Hence if
we fix X5 and take the correlation over S, each input block still maintains high min-
entropy while g becomes a sparse polynomial, which is a small SYM o AC? circuit.
Since the hard function is also the same, we can then apply techniques in the previous

section to conclude.

10.2.4 Correlation Bounds against Set-Multilinear Polynomials

Recall that [BHHT20] has shown FFM, uncorrelates against any lower degree
polynomial which is set-multilinear over (Xji,..., Xy). The key ingredient behind
proving strong correlation bounds against set-multilinear polynomials over arbitrary
partitions is to first fortify each input block with extractors, and instead consider
ExtFFMy. This allows us to establish the following structural lemma, which intu-
itively states that even if you do not start out with a polynomial that is set-multilinear
over (Xji,...,Xy), if not too many bits in each input block can be restricted to 1s
such that the resulting function is set-multilinear over (X7, ..., X,) induced by the

live variables in each block, exponential correlation bounds can still be obtained.

regime, albeit with exponentially worse dependence in &
4we also precompose with parities in the formal argument
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Theorem 10.4. Let ¢ > 1, let g be a polynomial of degree < d, and let Sy,...,S; C
[n/d] satisfy |S;| > n/(cd) for every i € [d]. Let p denote the restriction created by
fizing the bits in X; whose indices lie outside S; to 1 for eachi € [d]. If g|,(X1,. .., Xq)

is set-multilinear in (Xy,...,Xy), then

corr(ExtFFMj, g) < 2-/(cd),

To explain the proof at a high level, if the sets S; we leave alive aren’t too
small, then our strong extractor (conditioned on a good seed) will keep each block
Ext(X;, W) approximately uniform, and since the restricted function g, is now set-
multilinear over (Xi, ..., X,) we may use a similar approach as [BHH"20] to prove

the theorem.

It turns out that through a combinatorial argument, one can show that poly-
nomials which are set-multilinear over a large number of blocks can be turned into
polynomials set-multilinear over (Xi,..., X ) by fixing not too many bits per input

block X;. The correlation bounds then follow from the structural lemma.

10.2.5 A Technical Nuance Regarding Extractor Fortification

Say we are given a class C that simplifies under restrictions proportionally to
how aggressive the restriction is. For example, say with high probability under a mild
random restriction p;, C|,, simplifies to a class €; C €, and with high probability
under a more aggressive random restriction p; o ps, €|, 0p, simplifies to a much smaller
class C3 C C;. A common technique to prove correlation bounds is to take a hard
function f : {0,1}" — {0,1} that remains hard after a random restriction. For

example, if we know E,, corr(f|,,,C1) = €1, we can bound
corr(f,C) <E,, corr(f|,,Cl,) ~ E,, corr(f|,,,C1) = e,

where ~ hides the probability € does not simplify. With this, one might hypothesize
that if we precompose with an OBF extractor Ext : {0,1}™ — {0, 1}", one must have
corr(f o Ext, C) < &;.
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In particular, if G, is much simpler than €;, we would expect e =
corr( f|,,, C2) < corr(f|,,,C1) = e1. Then, by the extractor property, we would have
foExt|,(U)=~ f(U'), where U and U’ are uniform strings (but could be correlated

depending on the live variables of ps). Hence,
cort(f © Ext |y, €l,) = [E(= 1)/ 2050 ®)]  [B(—1)/ 4@, (10.2)

If U’ was almost always a copy of U (over the randomness of py), the above would
let us deduce corr(f o Ext |,,,C,,) ~ corr(f,C,,). This allows us to deduce a much

stronger correlation bound as follows.

corr(f o Ext, C) < E,, corr(f o Ext|,,,€|,,) = E,, corr(f, C|,,)

S Ep COH(ﬂpu elplom)

~ corr(fl,,, C2) = ea.

Of course, we cannot assume something so strong. It is possible that (U’,U)

are adversarially correlated such that the expression in [Equation (10.2)|is extremely

large. In this chapter, we give two ways to circumvent this obstacle, resulting in three

new correlation bounds.

Since the correlation between U and U’ is the issue, we might hope to bypass

this obstacle by bounding the RHS of |[Equation (10.2)| by an expression independent

of ¢g|,(U). This is indeed possible for multiparty protocols, as Viola and Wigderson
[VWOT] showed the correlation of a function f against k-party protocols is bounded
by the “k-party” norm of f. Our correlation bounds for {SYM, THR} o AC® crucially

rely on this to make the extractor fortification argument work.

Another way one might imagine a fortification lemma might hold is if Ext |,
was “easy to invert”. To see what we mean, let us say for simplicity that Ext |, was

a bijection and had inverse Ext™'. Then we could see by a change of variables

|E(_1)foExt \p(U)Jrg\p(U)‘ ~ ’E(_Df(U)Jrg\p(Ext‘l(U)) i

188



Hence if Ext ' was computationally simple, we might be able to reason that g| poEXf1
is also very simple, and thus has very small correlation against f. This intuition is
what drives the analysis in the correlation bounds against set-multilinear polynomials.
We use a linear seeded extractor, which makes the maps linear and thus “easy to
invert”. Furthermore, this inversion reasoning explains why for our correlation bounds
involving multiparty protocols, we need to apply an independent extractor to each
party’s input rather than one extractor for the whole input. If we did the latter, then
the inverse Ext™' would add correlation among the k input strings in g p O Ext™!,

thereby increasing the communication complexity of this function.

For correlation bounds against width-2 branching programs, we use both phe-
nomena, as we precompose with an OBF extractor, and then again with a simple

parity extractor.

It is an interesting question to further explore the connection between extrac-

tors and correlation bounds.

10.3 Nearly Optimal Correlation Bounds against {SYM, THR }o
ACY

We strictly improve upon the result [ST18] by proving a stronger correlation
bound against {SYM, THR} o AC® circuits. This immediately gives PRGs against
this class with improved seed length via the “hardness vs. randomness” framework
INW94]. All previous work [Vio07, LS11l [ST1g| looked at the function introduced
in [RW93] created by taking the generalized inner product of parities. We present a
new function comprised of field multiplication of extractors in order to prove stronger
correlation bounds. Let m := .0005logyn and k = n/(m + 1). We now prove the

following result:

Theorem 10.5. Let Ext : {0,1}* — {0,1}%*™ be a (k9,2=%"") OBF-source
extractor (explicit ones exist due to [KZ0T]). Let f : ({0,1}2**"ym+1 5 £0,1} be any
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function such that Ry, 1 (f) < 272%™ Define foExt™!: ({0,1}%)™+ — {0,1} by
foExt™(X) = f(Ext(X)),..., Ext(Xmi1)).

Let g be any function implementable by an n®0°8™ -size {SYM, THR} o AC® circuit.
Then
Corr(f o EXtm+17g) S 2—Q(n.995)‘

In particular, by instantiating this template, say, with Ext being the extractor
of [KZ07] and f being either GIP [BNS89] or FFM [FG13], we get explicit foExt™ .
We also note that, by simply adjusting the constants, we can get any 2-9n'"%) for
constant € > 0. This gives an improvement over the correlation bound of 9~ ")

given in [STI8].

Proof. We follow the same approach as in [ST18§]. The uniform distribution can
be expressed as applying a random restriction, and then filling in the remaining
bits uniformly. For good random restrictions, we argue that ¢ simplifies to a
{SYM, THR} o AND,, circuit. We then argue that even after the random re-

tm+1

striction, f o Ex maintains its structural integrity due to the extractor. We

then finish the argument by using Hastad and Goldmann’s connection between

{SYM, THR} o AND,,, and NOF protocols, and the fact that f has small correlation
with (m + 1)-party protocols.

The proof for the simplification of g is the same as seen in [ST18] so we merely
cite it here. The only change is the tuning of parameters. Here is the lemma restated

for our use.

Lemma 10.6. Let g € {SYM, THR} o ACY with circuit size s = n"'°®2". Then for
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p= L(48log, s)~(*D

Pr [g|p is not computed by (.001pk, {SYMg2, THR2} 0 ANDyyq, s })-tree]

pRp
_ d
<g.92 .001pk /2

— 9—a(pk)

Notice that for constant d this gives a bound of 2~/ Polvlos(m) = yersus its
use in [ST1§| in which a 9=V/n/1081) o101 was gained. We will see later that we
can liberally set parameters here because our hard function maintains integrity even
after traversing down a path of size n/polylog(n) (equivalent to randomly fixing
n/ polylog(n) bits), whereas the previous GIP function could only withstand /n
bits. This is the result of using an OBF extractor with much better parameters than

simply taking the XOR of many copies.

The circuits at the leaves of our tree now form a much simpler class, but this
class is not simple enough. Our correlation bounds can only handle circuits with
fan-in m = O(logn), but we currently have fan-in log, s = O(log®n). Fix a leaf ¢ of
the tree, and let {C4,...,Cs2} be a collection of subsets of [n] where C; contains the
< log, s indices of the variables that feed into the ith ANDy, , gate in the bottom
layer. We now use the following basic fact, as in [LS11] and [ST1§|, that there is a

large subset of variables that minimally intersects each Cj.

Claim 10.7. A random L C, [n]| (add each element to L with probability q) satisfies

Pr[3i € [s?] such that |C; NL| > m] < s (:L) qm.

Instantiating this claim with our parameter setting of m and s, and setting

q = O(n=1) tells us

Pr[3i € [s?] such that |C; N L| > m] <

VAR
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Hence there exists such an L = L(¢) such that restricting all bits outside L makes

only < m variables feed into each AND gate as desired.

To summarize, our restriction p is sampled by a distribution D specified by

these three steps.

1. We first perform restriction R,

2. and then randomly restrict < .001pk while walking down the depth-.001pk tree
to a leaf /,

3. and then randomly restrict all the variables alive in this leaf that is not in the

L(¢) set that we showed existed

At the end of this process, we have by the union bound that with all but
2-UPR) probability, g|, becomes a {SYM,z, THR,2} o AND,,, circuit.

We now observe what happens to f o Ext™" under this restriction p. We
claim f o Ext™"! retains its structure. Our wish is for at least k°%® bits in each block
to survive. That way, we will have a high entropy oblivious bit-fixing source fed into
each extractor, and the function will be able to continue to strongly uncorrelate with
m-party protocols. In Step 1, we draw a restriction from R,. Notice the live variables
are distributed like a set S C,, [n]. We see that by a simple Chernoff and union bound,

Sgap Ji € [m + 1] such that | X; N'S| < %k < (m +1)27 %@k

Hence except for probability m2-9®0 = 2-20""*M) "aach block X; will have
> pk/2 live variables. Conditioned on this, when we follow Step 2 and perform a
random walk down the decision tree to a leaf, we will assign at most .001pk bits, so
we are guaranteed that each block X; will contain at least .499pk live variables. Step

3 is to take set L(¢) and arbitrarily restrict variables outside of it. We showed there
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exists an L(¢) which minimally overlaps with the input variables to the ANDqg,
gates, but we want it to simultaneously overlap heavily with each block. That way
most of the X; will stay alive after restricting the bits outside of L(¢). The existence
of such an L(¢) can be established by “completing the probabilistic method” started
a few paragraphs above. Conditioning on good restrictions so far, let Y; denote the
variables that survived in X; (hence |Y;| > .499pk). We see that

Pr (3i € [m+ 1] such that |Y; NL| <

A499pqk <(m+ 1)279(qu)'
LCq4[n] 2 o

Hence, the probability that L either intersects some C; too much or some Y; too little
will happen with probability < 1 + (m + 1)27%"") < 1. Thus there exists an L(()
such that restricting all variables outside of it will simultaneously simplify g to a
{SYM,2, THR,2}0AND,, and also leave at least 222 > 249599 / polylog(n) > k3
variables alive. Stringing all three steps together, we know that except with proba-
bility 27%®*)our random restriction p reduces g to {SYM,>, THR,2} o AND,,,, while

k.998

simultaneously keeping > variables in each X; block alive.

We are now in the final phase of the argument where we now directly bound the
correlation against the simplified circuit. We first state the results that will convert

our circuits to NOF protocols.

Theorem 10.8 ([HGI0]). Let f : {0,1}" — {0,1} be a Boolean function computed
by a size-s SYM o AND,,, circuit. Then for any partition of the n inputs of f into
m+1 blocks, there is a deterministic NOF (m+ 1)-party communication protocol that

computes f using O(mlogs) bits of communication.

Theorem 10.9 ([Nis93]). Let f : {0,1}" — {0,1} be a Boolean function computed by
a THR o AND,,, circuit. Then for any partition of the n inputs of f into m+1 blocks,
there is a randomized NOF (m + 1)-party communication protocol that computes f

with error Yep, using O(m3lognlog(n/Ye.)) bits of communication.
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We now need to show an average-case hardness result for foExt™"! | » against

NOF protocols. To do so, we will first calculate the k-party norm of f o Ext™"!| p-

Lemma 10.10. Let p be a restriction which keeps > k% variables in each X; alive.

Then Rm+1(f o Ext™t! |P) < Rm—‘,—l(f) + 4(m + 1) ) 27.4]{:‘996'

Proof. Now notice that

Rui1(f o Ext™1],) =Exo xoe [ Y FExt(XIV],),..., Ext(XPr0],)
se{0,1}m+1

(10.3)

By assumption on p, each XZ-(b)|p, for i € [m+ 1] and b € {0,1}, is an OBF source

with min-entropy at least k9%, Hence
EXt(Xi(b)lp) %2,_4k.996 U_Qk,996.
Since the 2(m + 1) variables XZ-(b) are mutually independent, a hybrid argument gives

y®

~ )
i€[m+1],be{0,1} "~ 2(m+1)2—-4k 99 ( i )ie[m+1],be{0,1}’

(EXt(Xi(b) |p))

k"996

where the V) are mutually independent and uniform over {0,1}?*7". Therefore,

7

is at most

996

E S YY) |+ A+ 127
56{0,1}m+1

= Rypa(f) + 4(m + 1)274™

b e
(Yi( ))ie[m+1],b6{0,1}

as desired.

]

With this, we can show that f o Ext™*"!| , uncorrelates against randomized

multiparty protocols.
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Theorem 10.11. Let g : {0,1}" — {0,1} be a Boolean function, and let p be a
restriction such that X;|, has > k% live variables for each i, and g|, can be computed

by an (m + 1)-party NOF randomized protocol with < ¢ bits and with error 7. Then

corr(f o Ext™*! |, g,) < 2v + ek /2m),

Proof. Notice that a randomized NOF protocol is simply a distribution over deter-
ministic NOF protocols. Let 7 be some distribution over protocols such that for each

z, Prp.[P(X) # ¢/,(X)] <. We now manipulate the correlation as

corr(f o Ext™*!|,, g,) = ]]EX(_DfOEXtm“ I (X)+glo(X)|
< [Ex p[(—1)7P" e COTPY) 4 9y
= 2Ep[Rpns1(f 0 Ext™],)/" ] + 24
< 2y + 2Ryt (f) + 4(m + 1) - 2,.4,6_996)1/2171“
< 2y 4 2°(Rypaa (f) + 2700702
<2+ 9e—Q (k9% /2m)

]

We now have all the ingredients to finish. Say p is good if p keeps > k998

variables alive in each block X; and g|, is computable by {SYM, THR} o AND,,. We
have shown for p ~ D, this doesn’t happen only with probability 2-%®*) If g , has
a SYM gate at the top, then Theorem [10.§ says the SYM o AND,,, circuit can be
computed by a deterministic NOF protocol over X7, ..., X,,11 using O(mlog s) bits.
Plugging this in to Theorem tells us

Corr(f o EXtm+1 |p’g|p) S 2mlOg2 S—Q(k-996/2m) < 2—Q(n'995)'

If the top gate is a THR, use Theorem with Ve = 277" to get that the circuit
is a randomized NOF protocol over X, ..., X,,,1 using O(m3lognlog(n/ye.)) =
O(n %) bits. Plugging this into Theorem [10.11] gives us a correlation bound of

corr(f o Bxt™ ! |, g|,) < 2m 77U < gm0,
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In either case we get the same bound, so we can bound

corr(f o Ext™, g) = |E o pEx (—1)Fx" " 1o (X)+gl, (X))

<2700 LB, p[[Ex(—1)/" T bR 0] 1 is good]

.995)

S Q—Q(pk) + 2—Q(n

279(71.995) )

The theorem is proved. O

Remark 10.12. We note that the original RW function instantiated with different
parameters can also get the same strengthened correlation bound. This requires
a more nuanced analysis than present in [ST18], and does not extend to general

functions of the form f o Ext™*! as it relies on the specific structure of GIP and €p.

To recap the argument for a size s circuit, we first use the multi-switching
lemma to reduce to a depth-2 circuit of fan-in log, s. We then restrict more variables
so that the fan-in reduces to \/@. We then apply correlation bounds for \/@—
party protocols to get an error of exp(—n/ 2\/@). If one trusts that this error is the
bottleneck in the argument, one can imagine running through the above argument

e()

again with s =n to get a better error.

0 _gjze

Corollary 10.13. Let g(X) be a function implementable by an s = n
{SYM, THR} o AC" circuit, and let m = 9V/logan. Define k == n/(m + 1), and let
Ext : {0, 1} — {0, 1}%/27V°5% pe g (k/20WIoen) o=k/200FE0 opiractor constructed
from [KZ07]. Then
corr(f o Ext™H!, g) < 2 (n/200/F9),
This refinement will be useful for our correlation bounds against branching

programs in the next section.

Proof sketch. We proceed exactly as in all the way until |Claim 10.7}

Here we note that upon setting s = n®1) | we only need to set ¢ = 2-2(VIe™) to make
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the desired probability at most some constant. We then continue with the rest of the

argument exactly as normal to get the desired correlation bound. O]

From [Theorem 10.5] we derive the following two theorems as well.

Theorem 10.14. There exists an e-PRG against size-S {SYM, THR} o ACY circuits
with seed length s = 200V185) 1+ (log(1/¢))?0,

Proof. First, notice that it is straightforward to adjust the constants in our argument

for Theorem so that our correlation is 2= ") for an arbitrarily small constant

d. Set
r = 200W10BSN) 4 (1og(1/2)) /179,

Theorem then gives us a function f : {0,1}" — {0, 1} which obtains correlation
exp(—Q(r' ™)) < exp(—Q(log(1/¢))) < &
against {SYM, THR} o AC? circuits of size

7,O(logr) — 2O(log2 r) < n52.

Since a {SYM, THR} o AC® 0 JUNTA, »-circuit of size S can be trivially expressed
by a {SYM, THR} o AC® circuit of size n.S?, it follows from Theorem that we can
construct an en-PRG against size-S {SYM, THR} o AC® circuits with seed length

O(TQ/IOg n) — 20(\/10g(n52)) + (log(1/8>>2/(175) — 20(\/logS) + (lOg(l/e’:‘))Q'Ol
for 6 small enough and S > n. Substituting ¢ < £/n gives the desired result. m

Lemma 10.15. If g is computable by a JUNTA,, 97 0 SYM o AC® circuit where each
depth-2 SYM o AC? subcircuit is of size s = n®1%8™)  then

COl"r(f o EXtm+1,g) < 2—Q(n.997).

Similarly, if g is computable by a JUNTA, o THR 0o AC® circuit where each depth-2

THR 0 ACY subcircuit is of size s = n®1°8™  then

corr(f o Ext™*! g) < 9= (n 7 /u).
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Proof. We essentially prove a variant of where the circuit class is now
JUNTA, o{SYM, THR} o AC°, an arbitrary JUNTA, with size s = n©Uoen)
{SYM, THR} o AC? circuits hanging from each of the u input wires. u will end up
representing the number of {SYM, THR} gates we use. As this circuit is now of size

us, we see a variant of Lemma [10.6] will be shown.

Lemma 10.16. Let g € JUNTA, o{SYM, THR} 0o ACY with circuit size s = un™'%%2".
Then for p = 45 (48log, s)~ (@Y

P;r2 l9], is not computed by (.001pk, JUNTA, o{SYM,2, THR,2} 0 ANDy, s })-tree]
pi—Rp
<. 27.001pk/2d

— 9~ Qa(pk)

The remainder of the proof is identical to that of Theorem [10.5] until the
final step involving multiparty protocols. At this stage, with probability at least
), g, has been simplified to a JUNTA, o{SYM, THR} o AND,, circuit,

999

1 — 279
and at least k998 variables per input block remain alive.
Case 1 - SYM Gate: By a trivial extension of Theorem this circuit can

be calculated by an (m + 1)-party protocol using u - O(mlog s) bits (explicitly stated
as Fact B.3 in [ST18]). Therefore, by Theorem [10.11

corr(f o EXtm+1 ’p’ g’p) < 2*Q(umlog 57k<998/2m).

Setting u = n%7 gets the desired result.

Case 2 - THR Gate: By a trivial extension of Theorem this circuit can
be calculated by an (m + 1)-party protocol with error v using u- O(m?3log nlog(n/v))
bits (explicitly stated as Theorem 13 in [STI8]). Setting v = 2-2* /W it follows

by Theorem [10.11}

Y

COI'I'(f o EXtm+1 ’pvg’p) < 2,}/ + 279(um3 log n log(n/~)—k298 j2m) — 2fﬂ(k'998/u)

yielding the desired result. [
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Theorem 10.17. Let AC°[G,t,s] be the class of size-s AC where < t gates are
allowed to be of type G. We then have

corr(f o Ext™ ™ ACY[SYM, 9%, nOUoem)]) < 9=

and

corr(f o Ext™, AC°[THR, n*?, nO(logn)D < 9-0),

Proof. We replicate the proof given in [LSII]. Let g € AC°[G,t,s]. Let Gy,...,G,
be the gates which occur in g, sorted such that it respects the topological order (if
gate G, is contained in the subcircuit with top gate G, then we must have i < j).
WLOG, assume the top gate is GG;. Consider the decision tree T' computing g which
sequentially queries the value of the circuit C; defined by the subcircuit with top gate
G; for i =1,2,...,t with the following caveat: if C; contains some gate G;, we must
have already queried that subcircuit, and so replace it with the queried bit. With this
caveat, all C; are G o ACY circuits of size at most st. Hence, T is a depth-t decision
tree which queries G o AC? circuits at each step. Note for a path P of T, notice
the predicate hp(x), which indicates whether an input caused a traversal down path
P in T, is a JUNTA, oG o AC® function, as it simply checks that all the ¢ circuits
queried down that path has the desired output. Using the fact that an input x cannot

simultaneously indicate multiple accepting paths, it follows that
(1) = 3 () - (v - 1)
accepting P
where N is the number of accepting paths. Therefore,

corr(f o Ext™*! g) < Z corr(f o Ext™*! hp) + N corr(f o Ext™ 0)

accepting P
Noting that N < 2¢, and each hp along with 0 can be computed by G o ACY of size
< st, it follows from Lemma [10.15|that for G = SYM,

corr(f o Ext™!, AC[SYM, %, n0(osm)]) < 9. 90" 900" < 90w,
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and if G = THR,

COI“I"(f o EXthrl, ACO[THR, 7’L'49, nO(logn)]) <2. 2n'49 ) 2—Q(n'997/n'49) < 2—Q(n'49)'
[

Via a straightforward proof, almost exactly the same as that of Theorem [10.14],
we can use the Nisan-Wigderson framework to turn the above theorem into new PRGs

against AC? with a limited number of {SYM, THR} gates.

Theorem 10.18. There is an efficient e-PRG which fools AC°[SYM, n" S| with
seed length 2°0V1°89) 1 (log(1/£))*%' and an e-PRG which fools AC°[THR,n*%, S|
with seed length 2°0V1°85) 1 (log(1/e))*0L.

10.4 PRGs against (d,poly(n),n)-2BPs

In this section, we use fortified hard functions to establish strong correlation
bounds against the XOR of juntas, JUNTA?EOIY("). These are then pushed through
the Nisan-Wigderson “hardness vs. randomness” framework to create PRGs which
can fool (d, poly(n),n)-2BPs. We first establish the correlation bounds, and then we
show that this implies our desired PRG.

10.4.1 Correlation Bounds Against JUNTA;?SOIY(M

This subsection is devoted to proving the following result.

Theorem 10.19. Let m = dlogyn, let h be the hard function in |Corollary 10.15
instantiated on k == n/m bits, and let &, : {0,1}™ — {0,1} be the parity function

on m bits. We then have

k dnc _L
corr(h o @y, JUNTA ) < exp ( dgﬂ@)) '

Proof. Consider arbitrary g € JUNTA%C. We will show that there exists a subset

T C [n] of variables such that upon fixing all variables outside 7', g simplifies to a
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sparse polynomial, while at least one input variable in each &, stays alive. Write
g = Zf; ¢;, where each ¢; is a d-junta. Let S; C [n] be the indices of the variables
that ¢; depends on. Pick T' Cyq [n]. For a fixed 7, we can bound

PrTns|>0< ) PrlScT]

SCS;
EE

()0)
< exp(~Q(log 1))
<0.1n"“

for ¢ = ©(logn). Union bounding over all 4, it follows that

Pr [Hi, ’T N Si’ > f] < 0.1. (10.4)
p~R1/4

Let Xi,..., X} be the input blocks of size m feeding into h. We can easily

calculate

PTr (3, X;NT =0 <k(1-1/d)™ < kexp(—m/d) =1/m = o(1). (10.5)

Union bounding [Equation (10.4)| and [Equation (10.5), it follows that there exists a

subset T' C [n] that simultaneously intersects at most ¢ variables alive in each junta
¢i, and intersects at least one variable in each X;. By pruning out elements, we can

assume WLOG that there is exactly one variable in each Xj.

Since a function over b bits can be written as an Fo-polynomial with up to
2" terms, it follows for any restriction p with p~'(x) = T, ¢;|, is a polynomial with
2/ = n®W terms. Therefore, g, is a polynomial with n®1) terms as well, which can
be written as a n®M-sized PAR o AND circuit. Furthermore, we know that h o @F |,

is equivalent to h up to negations of the inputs. As SYM o AC’ is invariant under
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shifts of the input, we can appeal to [Corollary 10.13| and observe

corr(ho @ g) = |]EX(_1)ho@’fn(X)+g(X)|

< EXT“EXT(_1)ho®§”(XT’XT)+g(XT7XT)‘

< exp (—(n/d)/200E )

10.4.2 Constructing and Analyzing the PRG

With this correlation bound in hand, we can construct good PRGs against the

XOR of juntas using the Nisan-Wigderson framework.

o(1)

Corollary 10.20. There is an e-PRG for JUNTA?Z with seed length

5 = 200/1en) 2 10g?(1 /¢).

Proof. By Theorem [10.19| we have an explicit function f :{0,1}" — {0,1} such that

@nlo0 < . r
corr(f, JUNTAD,, ) < exp ( QO(m)dlogQrJ .

We can set r == d2°(V1°6™) Jog(1/¢) so that the above correlation is below €. Therefore,
f is e-hard for

JUNTA®™ " S (JUNTA?,ZWO) o JUNTA, 1og, n

r,dlog, n

since the composition of an a-junta with a b-junta is an ab-junta. By Theorem
with £ < log,n and r as defined earlier, it follows there exists an e-PRG for
JUNTA®"™" with seed length

0 <d22®(vl°g”) log?(1/e)

ogn ) = 200080 .  log?(1/e)

as desired. [
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We now show that fooling the parity of juntas actually allows us to fool arbi-

trary functions of juntas as long as the function has low Fourier L; norm.

Theorem 10.21. Let G be an e-PRG for JUNTAYY, and let f : {0,1}™ — {0,1}.
Then G is an € - L1(f)-PRG for f o JUNTA,, 4.

Proof. Let g € f o JUNTA, 4, implying that g(z) = f(¢1(x),. .., ¢m(x)) for some
¢; € JUNTA,, 4. By Fourier expanding f, it follows that

Z f Zes ¢1(37)

SC[m)]

Notice that for each S, (—1)2ies (@) ¢ JUNTA Therefore if we let D be the
pseudorandom distribution over {0, 1}" induced by the image of G, it follows

[Eunn[9(2)] = Bonrr, [9(2)]] < D F(S)|[Banpl(—1)Fies 4] — B,y [(—1)Fies %]

<e > [f9)

[]

Finally, as an application, we show PRGs against (d,t,n)-2BPs, branching
programs over n bits with width 2, length ¢, and reads d bits at a time. We will
use the fact that width-2 branching programs which read one bit at a time have low

Fourier L; norm (a proof can be found in [HH24]).

Lemma 10.22. If f is a (1,t,n)-2BP, then Li(f) < (t+1)/2.

We now use the fact that a (d, ¢, n)-2BP can be represented by a normal width-
2 branching program acting on juntas to prove that the PRG from Corollary [10.20
fools (d,t,n)-2BPs.
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Theorem 10.23. There exists an e-PRG for (d,n® n)-2BPs with seed length s =
20Wlegn) . 42 Jog?(n /¢).

Proof. Given a (d,n® n)-2BP B, we note that at each vertex v € [2n°] of B, the
transition function is some d-junta ¢, which will map the d bits read at that vertex
to the next vertex to move to. Now consider the (1, n°¢ 2n°)-2BP B’ defined with the
same vertex set as B, and define the transition function for v € [2n°] in B’ to read the
vth bit of the input, and then map to the node in the next layer labeled by that bit. It
is easy to see by construction that B(z) = B'(¢1(x),. .., ¢one(x)), which is a function
in B" o JUNTA,, 4. By Theorem [10.21] this can be e-fooled by an (¢/L1(B’))-PRG
for JUNTAE%"C. Using the L; bound from Lemma and the construction from
Corollary , we see that such a PRG has seed length 200V 2 log?(n/e). [

10.4.3 PRGs for Branching Programs via Ajtai-Wigderson

Here, we use the Ajtai-Wigderson framework to get a PRG whose dependence
on d is optimal, but whose dependence on ¢ is exponentially worse than in [I'heo-
rem 10.23] This may serve as proof of concept that we should be able to construct a
PRG that is optimal in both parameters.

For strings z,y € {0, 1}", define the restriction z ® y € {0, 1,x}" to be

z; Y =0

(SU@y)i:{

* y=1
We now recall the Ajtai-Wigderson framework.

Theorem 10.24 (JAWS5], as stated in [HH24], Theorem 5.3.3). Let F and Fypy be
classes of functions f: {0,1}" — {0,1}. Assume that F is closed under restrictions.
Let Z be a random variable over {0,1}" that can be explicitly sampled using s truly

random bits such that

vf E3:'7131‘[.]C|U®Z Eg:simp] Z 1-9
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where U € {0,1}" is uniform random and independent of Z. If E[Z;] > p and there
is an explicit 0-PRG for Fim, with seed length s', then there is a PRG against F with
seed length O(p~1log(n/d)(s + s')) and error O(p~'dlog(n/d)).

We first show the following pseudorandom simplification lemma.

Lemma 10.25. For sufficiently large n, 6 € (0,1), and some setting of
¢ = O(log(n/d)), the following holds. Let U ~ {0,1}" be uniformly random
and let Z be (52:)-almost (-wise close to Ber(1/d)®". Then it follows for any

f € JUNTA®" that

Pr(flvez € JUNTATY] > 1 4.

Furthermore, Z can be sampled using O(log dlog(n/d)) random bits.

Proof. Write f = Z?:l ¢;, where each ¢; is a d-junta. Let S; C [n] be the indices of the
variables that ¢; depends on. We will show that with high probability, only log(n/J)
variables in each S; will stay alive after applying U ® Z. Letting Z ~ Ber(1/d)®",

>/ < =1°
Pr{wt(Zs,) > (] < S; Pr(Zs = 1%]

|S|=¢
5 N
Pr[Zs = 1°
- 2n¢ + Z ZI‘[ o ]
SCS;
|S|=¢

()G

< 0 4 9-0uisn
2n¢

)
< =
Sy

upon setting ¢ = O(log(n/d)). Union bounding over all i yields that Pr[Vi, wt(Zs,) <
(] > 1—46. Let € be the aforementioned event. Since wt(Zg,) is exactly the number
of variables that stay alive in ¢;|pgz (regardless of U), € implies that each ¢;|pez

becomes an (-junta, which consequently implies f|ygz € JUNTA%C. Hence
Prlflvez € JUNTAZ}] > PrVi, wt(Zs,) < ] = 1=,
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as desired.

)

To construct Z, we can let (Z (i))lgiglogzd be independently sampled o d”

almost ¢-wise uniform strings, and set Z = A\, <i<log, d Z® . By a simple hybrid argu-
ment, it follows that Z has the desired distribution. Each Z® is constructed using
O(log ¢ + log(2n°log d /&) + loglogn) = O(log(n/d)) random bits, and thus Z is con-
structed using O(log dlog(n/¢)) bits. O

on’
Next, we show how we can fool JUNTAn’@(IOg(n /)

Claim 10.26. There ezists a 0-PRG against JUNTA??g(log(n/a)) with seed length

20(\ / log(n/é)) '

Proof. First notice that we can write out a j-junta as an Fs-polynomial with 27
terms. Hence, we can write any [ € JUNTAffg(log(n /5y S an [F>-polynomial with
ne - 200e(n/9) = poly(n/§) terms. Using the sparse polynomial PRG of Servedio and
Tan [ST22] yields a PRG against this sparse polynomial with seed length 2V 10g2("/9)
as desired. O

We now use the Ajtai-Wigderson approach to combine [Lemma 10.25| and
[Claim 10.26] into a PRG construction.

Theorem 10.27. There exists an explicit e-PRG against J UNTA%ZC with seed length
90(\/log(n/e)) 1.

Proof. Applying [Lemma 10.25| and [Claim 10.26| to [Theorem 10.24] we get a PRG for
JUNTA??’ZC with error O(ddlog(n/d)) and seed length

O(dlog(n/8)(2°0Wee/9) 4 1og dlog(n/d))) = 20V e/e)q

)

where we used d < n. Setting 6 = O <m> gives us error € and seed length

90(y/log(n/e)) g [
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10.5 Correlation Bounds Against Set-Multilinear Polynomi-
als

Our correlation bound for set-multilinear polynomials follows from an instan-

tiation of the following theorem.

Theorem 10.28. Let d < n be an integer, let 0 < ¢ < 1/2, and set r = k —
2logy(1/¢e). Let
Ext : {0,114 x {0,1}*"/¢ = {0,1}"

be a strong linear seeded (k,€)-extractor with seed length 2n/d obtained from the Left-
over Hash Lemma [ILL89], and let x be a nontrivial additive character of For. Define
ExtFFM, : {0, 1}7+2%/4 — £0,1} by

d

ExtFFMy(X, W) = (H Ext(X;, W)) .

i=1
Let g : {0,1}"2/4 5 10,1} be a degree-< d polynomial, and let S, ..., Sy C [n/d] be
subsets of size at least k. Suppose that every restriction obtained by arbitrarily fixing
all bits in W and all bits outside S; in each X; makes g set-multilinear in X, ..., Xy.

Then

1
corr(ExtFFMy, g) < de + (d — 1) (W + 8) :
£

Proof. For brevity, let f = ExtFFM,;. We first average over restrictions p that assign
the bits of each X; outside .S;, then over the seed W, and finally over the live variables
in the sets S;. For a fixed p, let W, be the set of seeds w such that

Ext(X;],, w) ~. U,

for every i € [d]. Since Ext is strong, a union bound shows that W, contains all but
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a de fraction of the seeds. Consequently,

corr(f, g) = [Ex g (—1)fXW+aXw))
< B,y [Ex (—1) XM+l (X))

< de +E, By, |Ex(—1)7 X roleXw)| (10.6)

Fix p and w € W,, and write
(X)) = [l (X, w) and J(X) = g|,(X,w).

The polynomial ¢’ is set-multilinear and has degree less than d, so every monomial
omits at least one block. Assigning each monomial to its largest omitted block gives

a decomposition
d
g(X) =Y g:(X ),
i=1

where g; is linear in every block X; with j > i. Let a map a linear form ¢(X,) =
> jeln/d CiXa to its coefficient vector (¢j)jem/aq- Thus (a(f), Xa) = €(Xg). With

e(r) = (—=1)*, we obtain

EX(—l)f/(XHg/(X)’ -

d—1
Exe <f’(X) + Zgi(X—i) + gd(X—d)> ‘

Ex,e <<a <f/(X> + igz(Xz)) >Xd> + gd(Xd)> |

d—1

< EX[d—l]

Xa-1)

Here f" and g; for i < d are linear in X, while g4(X_4) is independent of X,;. We
now repeatedly use the fact that, for a linear map h : F* — F% and any a € F%,

Pr,[h(z) = a] < Pr,[h(z) = 0].
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s [ (f oo ZW—”) - 0]

=Ex,_, Xlz: « (f/(X) + igi(X—z')> =« (gd—1<X—(d—1)>)]

=5 [ (f G ZW”) i 0]

<. < Prfa(7/(0) =01 (10.8)

To analyze this probability, we show a quick lemma.

Lemma 10.29. For a linear form ((X4), a({(X4)) = 0 if and only if ((X4) = 0 for
all Xd.

Proof. If a(¢) = 0, then for every Xy,
n/d

UXy) =) al);Xq;=0.

J=1

Conversely, if a(f); # 0 for some i, then for the ith unit vector e;,

By [Lemma 10.29]

d
Fra(f(0) =0 = Pr [vxd,x@Ext(XAp,w)):o

If H?le Ext(X;|,, w) =0, then f’is identically zero as a function of X,;. Otherwise, f’

has the form x(c Ext(X4|,, w)) for some nonzero ¢ € Fyr. Exactly half of the elements
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Y € Fyr satisfy x(cY) = 1. Since w € W, and € < 1/2, there is then some X, |, for
which (¢ Ext(Xy4|,, w)) = 1. Thus

Pr [a(f(X))=0] < X[d , [H Ext(X;|,, w) ]

Xia-1]

il.

-1

M

E’{r[Ext(Xi|p,w) = 0]
1 7

d—1) (27" +¢)

d—1) <%~I—e)

Combining this bound with |[Egs. (10.6)| to |(10.8)| gives

IN
— A~ .

1
corr(ExtFFEMy, g) < de + (d — 1) (W + 6)

O

As a very nice application of this structural theorem, we show that we can
achieve exponentially small correlation against n®®-degree polynomials which are

set-multilinear over some partition of the input into up to n'=°® parts.

Corollary 10.30. Let g be a degree < d polynomial which is set-multilinear over an

arbitrary partition (Ay, ..., A.) of X into ¢ parts. Then

corr(ExtFFMy, g) < 27$H/ed),

Proof. For each i € [n/d], define S; to be the largest set among {X; N Ay, ..., X;NA.}
(arbitrarily pick one if there are ties). Notice that the sets {X; N A;};c|q partition X,
and |X;| = n/d. Therefore, we know that each |S;| > "T/d = 2. We now claim that
any restriction p formed by arbitrarily fixing all the bits in X; which are outside S;, for
each ¢, will make g|, set-multilinear over (X7, ..., X;). Assume for the sake of contra-
diction there existed some monomial in g|,(X) that contained 2 variables from some

X;. Since S; C X; and S; N X; = 0 for j # i, both of these variables had to have come
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from S;. But note that S; = X;NA, C A, for some ¢, and we know no monomial has 2

terms from the same A; by our assumption of g. This yields our desired contradiction.

Therefore, we can apply Theorem [10.28| on the sets (.S;) with £ = n/cd and
g = 271"/ to deduce that

corr(f,g) < do—An/ed | (d — 1)(2—.8n/cd + 2—.1n/cd) — 9—Q(n/cd)

]

We can set ¢ = n'™? and d = n’ to get 272" correlation against degree
n? polynomials which are set-multilinear over some partition of the input into n'=29
blocks, which is interesting as these are exponential correlation bounds over the high
degree regime. From the expressions, we note that there is a tradeoff between the
strength of the correlation bounds, the maximum degree polynomials we fool, and
the number of parts in our set-multilinear partition we can handle. Unfortunately

plugging in ¢ = n, which would allow g to be any low-degree polynomial, doesn’t

yield any nontrivial correlation bound.
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